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Slight, in every sense, assuredly it will be. Probably in the same way it
will be superficial; but when I used the word I was thinking chiefly of its
meet modern connotation. I meant that I was going to try to be intelligible.
I sympathize with those writers who have been obliged by poverty or the exi-
gehces of military service to dispense with education, and I quite understand
wiy they discountenance those whose object 1t has.been to express ideas as
simply, clearly, and briefly as possible. Such desperate methods would
reduce the longest books of many of our best prophets to a very few pages;
for when there is no butter to spread you cannot even spread it thin. In
such dearth the only thing to do is to dig mysteriously into the loaf, which
in literature is called being profound. And though there are readers who,
having gone down to the bottom of the pit and there failed to discover the
smallest speck of margarine, will venture to call such profundities empty,

in the brisker parts of Kurope and America the profound style is generally
held in honour. In me, however, the airs of a mole or a miner would be mere
affectation. Besides, unlike modern poetry and philosophy and philosophic
fiction, an essay of this sort cannot hope to appeal to that great public
which, in quest of life, brushes aside all hair-splitting distinctions ‘
between sense and nonsense. I dare not be profound. And frankly this essay
would have been written with all the shallow lucidity of Montesquieu, Hume

or Voltaire had the essayest known the secret of their superficiality.

Clive Bell in "Civilization." New York: Harcourt, Brace, 1928. Pp. 20-21.




Foreword

A Change-over experiment is one where several lreatments are tried in
succession on a single unit; there are, of course, a number of such units.
The unit may vary from being an animal under several diets in succession,

a patient under several sedatives successively, to a machine under succes-
sive methods of handling. It is, indeed, astonishing in what varied fields
it is convenient, profitable, or even inevitable that one employ Change-
over. Applications arise in Medicine, product testing, Animal Husbandry,
Industry, etc. Where may one not find guestions best studied by submitting
a given unit to 2 or more successive treatments?

The present book embodies many new experimental Designs and looks at
certain questions in a fresh way. Mainly, however, it is written to set
forth the good things that are available but not being used. It is hoped
this endeavor may lead to application and even to progress. The emﬁhasis
is on the problems encountered in running experiments, ratherAthan on the
elaboration of mathematical models.

The discussion cain be followed by anyone with the elements of algebra.
It will seem the more pointful if the reader has already experienced the
difficulties of making experiments work. It is, indeed, to people who do
car;y out experiments, or seriously wish to do so, that this work is

{

addressed. When the writer was doing so, the present book was what he

wanted on his shelf.
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Change-over comparisons in practice. Very briefly, before the question

proper of Change-over is considered let it be understood that we are
concerned here with experimental Design, which involves the arrangement of
tests or questions, in space, in time, or on entities, in order to discover
the effect of experimental Treatments. To most people--to most people even
in the sciences--the problem seems a trivial one. If one wants to know

the effect of some Treatment, one simply applies the Treatment and‘observes
the effect. 1In fact, it is not so easy. Inconsistencies in response
whether by men or machines become confused with true complexities in the
response. That is why there are statisticians or perhaps with less logic,
but clc .c. connotation, biometricians. There are problems other than the
aforesaid confusion, but let us not bother with them; rather, let us hurry
to relief from them. The problems will become apparent in their reliief.

A Change-over experiment is a restricted class of experimental design
when, for example, each of 2 kinds of sedative are tried in successive
periods on each of a number of patients. The length of time each patient
sleeps under each kind of sedative igs contrasted. This procedure differs
from an experiment where kind (1) of sedative 1s given %o some patients
and kind (2) is given to other patients. Then the time patients sleep under
(1) is contrasted with the time the other patients sleep under (2). This is
not a Change-over. The distinction made may be familiar to many readers in
connection with discussion on paired and unpaired t-tests. TIn general, when
possible, the change-over experiment is recommended as giving the sharper
contrast between 2 kinds'of sedative, because then only the inconsisten-

cies, from time to time, in a man's response embarrass the effect of

S



Treatment. Otherwise, it suffers the greater embarrassment of the inconsis-
tency from man to man.

It is obvious, of course, that in Medicine it has long been the practice
to try alternative Treatmentg, such as sedatives, on a given patient. And
this is a legitimate and valuable experimental technique. The matter under
discussicii in the present book is the trying of several Treatments,
successively, on a patient and the policy to be pursued under such condi-
tions as perhaps there being fewer alternatives possible than there are
Treatments. Such questions have not, however, to the writer's knowledge
been pursued so far in Medicine as in Animal Husbandry. There
change-over experiments are much used. Thus one may use several diets or.
medications on a given cow because she is more like herself from time to
time than she is like other cows. The comparisons of the Treatments are
subject ~mly to the inconsistency or wvariability within a cow rather ‘than
from cow v~ cow. The situation is,vof course, complicated by the possibil-
ity that there may be lingering effects, and it is with this possible
complication that the present book is largely concerned.

The considerable experimental advantages of Change-over experiments
have been sought after with the most effort in Animal Husbandry, but
apparently are as real in other fields. Statistics is a curious thing--the
same problems arise in such various fields. To meet a considerable variety
of problems both in Agriculture and in Industry the writer has taken
advantage of Change-over experiments. In industrial experimentation, the
experimental units, such as a machine to make scmething, resembles itself
from time to time much more than it resembles alternate units--as in distant

Animal Husbandry. In such cases, one is inclined to comparisons of Treatments




(or methods or materials) within units. One is inclined to try 2 or more
Treatments (or methods or materiais) on a given Machine in order to compare
them. Such change-over design is perhaps particularly suitable to machines
which continue much the same for fairly long periods, in contrast to, say,
cows, which are subject to lactation cycles and other major trends. If it
is a matter of a subject to try various Treatments, the argument is the same.
In this book the author sets forth the more simple and productive aspects of
such a procedure; much chaff has been avoided. The exhaustive exploration
of an idea, as is proper in a theoretical study, has not been attempted. On
the other hand, it has been attempted to cover and illustrate such ideas as
seem profitable very fully. It is hoped that the author's experience may be
useful to workers in the fields mentioned and very probably in the Social Scienc
The discussion, so far, while true enough, must be tending to create
The misconception common from the literature, i.e., that change-over experi-
ments are to be justified by their efficiency. And a shrewd man may say he
brefers simplicity to efficlency. In fact, one may have change-over experi-
ments forced upon one, as it has been said "some men have greatness forced
upon them." Thus Industry has often had change-over experiments forced
upon it. By way of a simple example, suppose one had 4 different Treat-
ments; suppose further that one wanted to try e2ch of them about three times.
One_might not be able, like the classical agronomist, to assign 12 Machines
to the problem, giﬁing each Machine sbme one of the Treatménts—-this because
one has, in fact, only 4 Machines. Perforce, one must do something like
assigning 5 Treatments to each Machine, one 1s in a change~over experi-
ment; .Suéh a problem in the exﬁreme forced itself upon the author in his
work on paper making. There, due to practical considerations, he was

restricted to a single great paper-making mthine. He was forced accordingly

o~
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to arrange a Change-over experiment where a succession of bactéricides was
tried on the Tecirculated water of one great machine in an experiment spread
over weeks. Thils Was change-over operation in the extremé.

The ideazs as initially proposed, of comparing the Treatmwents (1) and
(2) on each patient can be extendéd t0 & whole sequence of désigns. First
there p..y be More than 2 Treatments, éay (1), (2)‘and (3), of which one.
patient tries (1) and (2), another (2) and (3) and a third batient (1) and
(3). Such ma2¥ be termed paired comparisons. In various forms they'are in
wide use. They are discussed in The next section. One may go on to cases
termed Chang:z—over in Youden rectangles, where several, but not all,
Treatments are tried by each subject, patient, or machine. As discussed
in the section, after next, one may, given 7 Treatments, try 3 on each of
T subjects, patients or machines. Alternatively one might try 4 Treatments
on each experimental unit. From these éne may go on to change-over latin |
squares, whefé all Treatments are tried on all experimeﬁtal units. TheSe.
are discussed below, Ail these Designs ariSe very naturally as extensioné
of the fundamental‘ideé of paired comparisons. The most attractive and
easily handled of the designs is the Latin square--all Treatments by each
experiméntal Unit-~but itvis unfortunately ofﬁen not practigal. If one
wanted to try 7 kinds of sedatives each for 2 weeks it would be inadvisable
to use a latin square becausc vefore lh-weeks were out many of the partici-
pants would haye been lost by death orrrecovéry;. Accordingly, éne would try
a Youden recbangle which Woﬁld require oniy 6 weeks. Again a subject, in
order to try & Treatment Ffairly, may have to use it 5 weeks. 'Then it is
practical to try only a few Treatments on a glven subject on éccount of thié

consideration of time. Since, however, there are'many people, a great deal
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of information can be gathered fairly shortly. Accordingly, one uses a
Youden rectangle. In industry, not only are experimental subjects liable
tO death or discharge, but experimental results may be required very -
shortly--'"We must have the results within 5 weeks." Such press may make it

difficult to try many Changes-over on a machine.

Changes—-over involving 2 Treatments Per unit - In the realm indicated a

very simple and oft-used Design is the paired comparison of Treatments
(1)...(£) , 2 at a time. To be at all satisfactory the Design shouid

compare each Treatment with every other Treatment, at least once. T+ should
be at once indicated that, to the contrary, there is extensive discussion,

in the literature, on paired comparisons where a Jjudicious subset of
comparisons is made. An example is the writings of Cox (1958), which is
discussed under the heading of missing data in Chap. VIII. The concept

that it is best to make all comparisons an equal number of times is based

on two notions. First, such comparison will be of comfort ta the "practical
man. Secondly, any other arrangements will give rise to elaborate allow-
ances for the various accuracy'of the various comparisons. For the situ-
ation of 2 Treatments per unit, accordingly, the Design requifes at least

t(t - 1)/2 pairs, since there are that many comparisons. Thus for +t = 7
Treatments tried on 21 Men, each Treatment to be tried for one Day, we may
write the Design as shown in Table Ta. It is, of course, because +t(t - 1)/2
may become inconveniently large that experimentalists take refuge in the judi-
cious subscts indicated above. Since the two Treatments are to be tried suc-

cessively the order of trying may be important. Then all Treatments were bect

tried equally on the first and second Days, or in the first and second Columns.

pors
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It wbuld not do to assigﬁ some particular Treatment largely or wholly to a
given Day which might be the favorable or unfavorable day. The treatment
and day effects would be confounded. Thus, if in Table Ia the Design had
been such that Treatment (2) fell always in Day 2 and, if that Day the
response had been particularly favorable, (2) would appear to considerable
but false advantage. As matters stand Treatment (2) occurs equally in Days 1
and 2 and so any favorability of Day 2 must be balanced by the unfavorability
of Day 1. For 21 Treatments such balance can be managed in the Elfpairs. In
general for t , odd, it can be managed in t(t - l)/2 pairs. The situation
for t , even, is discussed below.

The fundamental issue of the Design of Table Ia can be seen most
simply in the form of what may be termed a comparison table as shown in
Ib. It is something like the schedule of games of an athletic league.
In this comparison table, x indicates a comparison and o indicates its
repetition in the opposite order. The form of expression depends on
whether one says (3) vs. (4) or (4) vs. (3). Thus the x in the second
Row and first column arises from Man I,:who tried both Treatment (1)
and Treatment (2). At the same time the o in the first Row and second
column, also arises from Maan. Since all cells, off the principal
diagonal, are filled once we may say the comparison table has f£ill of 1.
One might, of course, employ some multiple of 21 pairs, such as 63 pairs,
to get the comparison table filled thrice. In the business of designing

the experiment, one would simply write out the arrangement of Table Ia

three times over. It may be added that since Treatment (1) occurs thrice

on the first Day and equally on the second Day the totality of comparisons



Table ISI - Comparisons of 7 Treatments in 21 pairs

a. The Ddsign by Men.Days and Treatments

7 . :

. Manp- . Day i Day 2 |l Man Day 1 Day 2 ! Man |Day 1 Day 2
I (n 2) VIII | (1) B) - XV (N (%)
11 (2) (3) IX (2) (5) XVI (2) )
111 (3) (4) X ) (6) XVII (3) (1)
v %) (5) X1 &) - () XVIIL| (&) (2)
v (5) (6) X11 (5) (1) XIX () (3)
Vi (6) ¢)) XIII | (6) (2) XX (6) - (4)
Vil A7) (1) X1v (7) (3) | XXI (7) (5)

'b. The comparison table

Treatmer
vs. ; (17 2) B) k#l_;j) (@) (Z)
() %\\S\;\ o o o o o o
(2) | x 0 o 0 o 0
| {3) X X 0" o - o 0
o (4) X X X o o o
¢ 5) x| x X X 1o 1o
Lé‘) X X X .x X | 0'

(7)) X X X X X X .

c. Differences in percentage Satisfacticn achieved by 7 types of

Treatment given to 21 Men

Treatment

vs. () [ 3|5 (6| (1)
(1) -3 -3 -2 P -9 -9
(2) o *3 +11 +h w5 1 42 -2
(3) 43 | -1 -10 +1 ; ~15 -2
(L) i +2 -4 +10 . +5 i -3 +8
(5) | -k | o5 | 1| =3 2 |-
(6) . +9 -z | +15 +3 | +12 0
o (7) E +9 +2 +2 -8 +1 ' 0
Sum +22 -23 +3h‘ x—18 +31 -37 -9
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vof Treatment (1) with others can be nowise influenced by the one Day being
better than the other.

Table Ib is the situation as it might be conceived at the time of
laying out the experiment; Table Ic shows the resul’ ~fter completing the
experiment. FEach Man stated his percentage satisfact or wi~h each Treatment

given him. The material question is, of course, the ¢_i{7e=2nce a that

satisfaction between the two Treatments. Thus Men I go = reatr nt (1) a
percentage satisfaction 3% greater than he gave Treatment 2). ! :cordingly,
there is entered in the second Row and first Column of Tal : Ic "1e value +5.
By the same token, there is entered in the first Row, sec” A Co_:—im, the

value -3. Treatment (2) lost to (1) by 3%. It is noteworthy thot Treatment
(5) was given a higher rating than any of the 6 competitive Treatments, and
this by 6 men. On the other hand, Treatment (2) was only once rated higher
than any other Treatment, and the other 5 times it competed was rated
lower. To return to the example of the athletic league, we should say that
a team that always, or almost always, got more geals than the others was
probably a good team. Certainly'we.should prefer to put our money on team
(5) rather than on team (1). For Table Ic the situation is, obviously,
fairly well summarized by the sum beneath each Treatment.

The design of paired compaiisons for t , even, is not quite as simple
as writing down all comparisons of % +things 2 at a time, i.e.,
Cg = t(t - 1)/2 . The problem is that there will occur t - 1 pairs
involving any given Trestment like (1), and it is plainly impossible to
dispose an odd number of things equally between 2 Columns. In some measure
Column effects would be confounded with the effect of Treatment (1). In

order to arrange the Treatments sc that each occurs —h:= :ame number of

14
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times in each Column--the minimum number of pairs or Rows is &(t - 1) ,
i.e., twice as many as for the case of t , odd. The matter may be

illustrated for a trest on t = 4 Treatments as follows:

Period ' Period
Row 1 2 Row 1 2
I (1) (2) VII (3) (1)
1T (2) (3) VITI (&) (2)
III (3) (%) X (1) (4)
IV () (1) X (2) (1)
v (1) (3) XI (3) (2)
VI (2) () XIT (&) (3)

This Design double-fills the comparison table. Thus any 2 Treatments
such as (1) and (2), are compared twice. One might, of course, employ
some multiple of 12 pairs, such as 36 pairs, to get the comparison table
filled 6 times. The resﬁlts would obviously be more reliable With SO
much more data.

It seems undesirable to go further here into the question of paired
Designs. It seems better to lock at the whole field of change-over
experiment and then return in a very thorough way to paired Designs in
Chapter VIII.

There is associated with paired Designs, as just discussed, and
for that matter with all the Designs that will be discussed, what is,
for present purposes, a degenerate class called balanced incomplete blocks.
These are situations where only the comperisons are of importance, and the
order within the pairs is unimportant. Such may well be the case in the
spacial Designs of Agronomy where the two members of a pair are simply two
little plots of ground. Such cannot generally be the case for change-over

Q
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experime;ts. Accordingly, the following discussion will be concerned only
with Designs in the class where the Célumns are 1mportant. In such a case,
the little distinction between n even and alternatively ocd disappears,
since there is no problem of balancing the Treatments between the 2 Periods,

or Columns.

Changes-over involving rather more than 2 Treatments per unit, i.e.,

Youden rectangles - Most people must be aware of the possibilitieS,.just
briefly discussed, of writing paired comparisons but certainly many may

not at all have considered the possibilities and profit of trying more than

2 Changes-over on a given unit. Such Designs are called Youden rectangles.
For the moment consider them as cases where the number of items per Row,

i.e., the number of Columns 1s 2 < c¢ < t , the number of Treatments. For
instance, suppose‘oné wantéd to test T Treatments on T Machines, each of
which was to be subject to 4 of the Treatments. Then, one may write some
Design such as that shown in Table IIa. Since this has t =7 Treatment;

in ¢ =4 Colums for r =T Rows, it may be called a t xexTr or

Txkx7 Youden. In any Row there are generated, implicitly, by a given Machine,
6 comparisons. Thus Machine I yields the comparisons (1) vs. (2), (1) vs.
(&), (1) vs. (7), (2) vs. (%), (2) vs. (7) and (&) vs. (7). All such compar-
isons double-fill the comparison Table ITb. Thus the present is balanced
Desigrn, in contrast to the clasg of partially balanced. In a Youden rectangle,
at least for the type used in the present book, the number of Rows 1s always
the same as the number of Treatments although the number of Columns may vary.
The Rowsvin thls Design might, in the widely used terminology that originated

in Agronomic experimentation, be called blocks. The term has, however, little

15



Table TIT — Compe ison of 7 Treatments in sets of N

The Txhx7 Youden

2. The Design by Machines and by Periods

Period

Machine 1 2 3 4

I - (L) (2) (&) 7

o II - (2) (33 (5) 1)
111 ) - (4) (6) (2)
v (4) (5) ¢p) (3)

v (5) (6) (1) (%)
Vi (6) €)) (2) (5)
VII N (1) (3 (6)

b. The cowmparison table

Treatment -

vs. ) () 3 @_ | ¢ (6) 7)

(1) ‘:::\\\\\> 00 00 00 oa 05 00

(2) XX N\N\\\\\ 00 ) 00 oo 00 00

. ]
{3) XX XX \\\\\\\\> oo 00 oo 00

(4) . XX xx xx 1\\\\\\\‘ 00 oco'l oo

(5) . xx. XX XX xx‘\ﬂ\f\\\x\ 00 oo
(6) XX XX XX XX XX \\‘\‘\\\ 0o
(7) | xX X3 xxX | XX XX XX |
c. Experimental results
Period
Machine 1 2 3 L
1 (1) 212.9 (2) 302.4% (&) 3k9.1  (7) 281.1
1T (2) 384.4%  (3) k2k.7T (5) 3712.0 (1) 316.k

III (3) 292.9 (4) 356.4  (6) 37h.2 (2) 198.2

Iv (4) 530.2 (5) h25.2  (7) 309.9  (3) héh.T7
% (5) 30k4.1 | (6) 5%0.6 (1) M12.2 - (L) Li7.k
VI (6) 319.0 (T) u?u.3"'(2) hohk.o0  (5) 221.9

VTT (7) Ls7.8 (1) 337.9 (3) 327.1  (6) L03.k



Table IT

Comparison table results

(continued)

5

Treatment
vs. (1) (2) (3) (k) (5) (6) (7)

(1) +29.5 +108.3 +76.2 +55.6 +98.4 +8.2
+68.0 -10.8 +5,2 -108.1 +65.5 +129.9
(2) ~29.5 +40.3 +46.7 -12.4 +176.0 -21.3
~-68.0 +9h. 7 +158.2 -182.1 ~-85.0 +70.3
(3) (-108.3 -40.3 +63.5 -52.7 +81.3 -154.8
+10.8 —oh. 7 +65.5 -39.5 +76.3 +130.7
(L) ~76.2 ~L6.7 ~63.5 .0 +17.8 -68.0
-5.2 -158.2 -65.5 .3 +93.2 ~220.3
(5) ~-55.6 +12.4 +52.7 +105.0 +206.5 -115.3
+108.1 +182.1 +39.5 +113.3 +97.1 +252. 4
(6) ~98. 1 -176.0 -81.3 -17.8 .5 .3
-65.5 +85.0 ~T76.3 -93.2 A ol

(7) -8.2  +21.3  +15L.8 +68.0  +115.3  -155.3

-119.9 -70.3 ~130.7 +220.3 -252.4 ~5L, Yk
Sum |~515.9 -187.9 +62.2 +810.9 ~998.2 +617.4 +211.5
Mn. ~36.8 -13.4 +h. L +57.9 -71.3 +4l,1 +15.1
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meaning and no utility in change-over experiments. Accordingly, they are
referred to more conveniently as Rows, from the point of view of writing out
the Design.

In order to make the nature of the Design and the analysis abundantly
clear, an actual experiment is reported. There were T ways of setting up
Machines and 4 of the ways were tried on each of 7 Machines. This took 4
Periods of a%out 10 days on each Machine. The resulting yields are shown in
Table IIc. Finally, in the comparisons of Table ITd, it can be seen how the
Treatments, or sets-up, for the Machines, compared within a given Machine.
Thus Treatment (1) gave 29.5 1b. less than (2) on Machine I; by the same
token (2) gave 29.5 1b. more than (1) on Machine I. Treatment (1) gave 68.0
1b. less than (2) on Machine II; etc. All in all Treatment (1) gave 515.9
1b. less than the Treatments (2) through (7) with which it occurred on the
same Machines, I, IT, V, and VII. (There is no question of comparing Treat-
ment (1) to other Treatments on Machines where (1) was not tried.) Similar
totals are formed for each Treatment (1) through (7). We must be struck by
the fact that Treatment (4) did better than any other Treatment except (5)
on all Machines on which it was tried énd got a total of +810.9. From these
totals averages may be struck (dividing by 14 and not 12 as one might have
expected). From this we learn that Treatment (1) gave 36.8 1b. less on the
average than all Treatments (including itself). It should nowise be supposed,
of course, that the above extensive but primitive piece of arithmetic is
intended as an example of how such a Youden rectangle should be analyzed in
practice. This arithmetic is presented simply to justify and recommend the
Design. Methods of analysis to be used in routine work are presented later;

they are much less laborious z2nd much surer methods.
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It is also possible to try 3 Treatments on each of 7 Machines, when
there are T Treatments to be tested, if one writes some Design, such as:
Period

Machine

I

II
IIT
v

\%

VI
VII

TN TN N N N N
-1 O\ W N R
e N e e e e N
TN SN TN AN N N N
o\ W N
N N N N N s s
SN TN AN TN TN TN N
[USIRAO I N B OA RN i g (VY]
e el e e N’ s N

This Design preserves the virtue of Table Ia, that each Treatment occurs
the same number of times on each Day, i.e., in each Column. Also if
Machine I gives some production for Treatments, (1), (2) and (4), there
are available the 3 comparisons (1) vs. (2), (1) vs. (L) ana (2) vs. (L),
free of the differences that can occur‘from Machine to Machine, i;e.,
within a given unit or Machine. The 21 such comparisons, from the present
Design, Jjust fill a comparison table like Table Ib. The Design gives rise
to a once-filled table of comparisons. The above Design, with 7 Machines
during 3 Periods can be called a Youden rectangle with 7 Treatments (t)
in 3 Columns (c¢) for 7 Rows (r) , or it may be called a Tx3xT7 Youden.
So far as actual use of the above Tx3xT Design is concerned, when there
are many experimental units, it may be repeated 3 times on 21 of them
so that a good deal of information may be gotten conveniently.

It is impossible tc write a Design, 1.e., to try 7 Treatments
on each unit 5 times and to satisfy the condition that all horizontal
comparison, i.e., within Rows, should be made an cqual number of times
in 7 Rows. We might call this a 7x5x7 Design. Just where it is pcssible
to write Youden rectangles is discussed in detail in Chap. IIL. Hcs it

is possible to write them is discussed in Chap. IV.
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For general discussion of Youden rectangles the reader may refer to
Youden (1951), to Cochran and Cox (1957), or to Fisher and Yates (1967, 27-
31). The reader of the above cited works will find an elusive element of
difficulty, if his practical experience is indeed of the change-over type.
This difficulty is that the entire corpus of experimental Design rests on
and reflects its origins in the field trials of Agronomy. The reader will
find Youden rectangles are recommended for problems on, for instance, litters
of animals where it 1s required to try about 19 Treatments on highly consis-
tent litters of about 5, Such designs are recommended for laboratory and
technological processes where there is a limited number of Treatments pos-
sible on a group and varietal trials where there is a large number of varie-
ties. These recommendations are essentially in terms of field trials
involving contiguous plots and seem a little odd if one is thinking essen-
tially in terms of change-over experiments. Writers generally, within a
classical type of experimental design, as in Agronomy, think of Youden
rectangles as a means of getting smaller blocks and thus controlling varia-
bility. Sometimes, we are more interested in foreshortening the time required
for an experiment. Even in change-over experiments, however, it may be argued
that it is best to try only a few Treatments on a subject because over a short
time he is presumably more consistent in his responses than he is over a long
time. It can also be argued that insofar as subjects change variously with
time, the short experiment is the better.

As was previously discussed, in connection with paired comparisons, each
Youden rectangle is exactly paralleled by its balanced incomplete block. The
distinction is that in Youdens the Column in which a symbol occurs is

important, whereas it is not so in a balanced incomplete block. To put the
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matter otherwise, a Youden rectangle becomes a balanced incomplete block if
the symbols within a Row are randomly permuted. The Design of Table ITIa,

for Tx4x7, thus becomes, for instance:

Period
Machine | 1 2 3 L
I (2) (%) (1) (7)
II (3) (1) (2) (5)
11T (1) (6) (2) (3)
IV (&) (3) (5) (7)
v (6) (5) (&) (1)
VI (7) (2) (5) (6)
VII (6) (1) (3) (7)

It will be noted that the Treatments on each Machine are exactly the same as in
the corresponding Youden rectangle but they do not necessarily occur in the
same Period. The Design obviously has not balanced Treatments agéinst Periods.
In the analysis the effects of only Machines and Treatments would be considered.
If, of course, the Columns of a Youden rectangle prove, in some sense, unim-
portant, this class degenerates into balanced incomplete blocks. The same
Design méy be used but analyzed‘either as a Youden or as a balanced

incomplete block. Note that‘any Youden Design can be used as balanced

incomplete block Design but the reverse is not true.

Double Youdens — There exists an extension of the simple Youden rectangle,

as first discussed, which may be termed the double Youden rectangle. It
has most of the general properties of the well-known simple Youden rectangle.

It has all Treatwents equally represéented, i.e., twice, in each Column.
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The horizontal comparisons, i.e., within a Row, fill each cell in a compari-
son table an integer number of times. It differs only in that +t Treatments
require a Design of 2t Rows. In general it may be characterized as

txcx 2t . Such a Design could, of course, be used in experiments that

are not change-over but are simply spacial, as in Agronomy. They have been
so used by Cochran and Cox (1957 ) with the appellation of Type V. The neces-
sity for such a Design arises because, as has previously been indicated, it
is not always possible to write a Youden rectangle which might be convenient
for an experimental program. Thus one cannot write a Tx5x7, i.e., the number
of Treatments, t =7 , the number of Columns, c = 5 , and the number of Rows,
r =7 , in a balanced Design. Thus in terms »f a comparison table, like
Table ITb, there would be 10 comparisons per Row or 7O in all to £ill 21 cells
of the comparison table (below the principal diagonal thereof). Accordingly,
some would, at best, be filled thrice and some four times! The non-existence,
for present purposes, of 7Tx5x7 1s not important, in a practical way, because
one can write Tx3x7, Txkx7 and Tx6x7 (as will appear in the next Section);
The issue does, however, become important if one has 9 Treatments because it
is then impossible to write any Youden rectangles at all, except the special
large case of 9x8x9 (Yates rectangle) in 8 Columns or the even larger latin
square (9x9x9). This is very unfortunate because there always seems to be a
lot of experiments with 9 Treatments. The practical difficulty can, however,
be met by writing the double Youden rectangle 9xhx18, as in Table ITI. This
only requires 4 Periods or Columns. Just when it is possible to write Youden
rectangles or double Youdens can be discovered from Table IV which shows all

possible Youden situations, single and multiple, for any number of Treatments
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Table . JIT Comperison of 9 Treatments in sets of &

The 9x4x18 D'ouble Youden

a. The Design by Groups and bv Periods

Period
Group 1 2 3 4
I 1) (2) 4) (8)
11 2) 3) (5) (9)
11 3) (4) (6) 1)
v N C) ) (7) (2)
V- (5) (6) (8) (3)
12 S (6) (7) (9) %)
V281 ‘ (7 (8) 1) ;)
VIII (8) (9) (2) {6)
IX (9)- ¢3] 3) (€))
X 1) (6) (3) (2)
X1 . (2) ) ) (3)
XII (3) ‘(8) ) Y
X111 %) 59) (6) (5)
X1V (5) 1) ) (6)
Xxv (6) (2) (8) (1)
XvI (7) (3) &) - (8)
XVII (8) {4) ¢)) §))
XVIII (9) (5) ) (1)
b. The comparison table
Jreatment
- i . . .
v, | @ 1 @ G L@ i G 6) a1 (8 ©)
(1) ~—_ | 000 000 ' Q20 . 000 000 ooo . | 000 000
(2) XYy ! — 000 | coo ! Q00 000 000 | goo ! 000
(3) XXy | _Xyy T+ 000 . 0o0a | 000 G001 000 . 000
(4) XXy ©° | XXY Xyy ! ~~—_ | 000 000 o0V | 9c0 | 200
(5) KYY XXy XXV Kyy ! T~ 000 Qo0 ooo ! ooo”j
(B) ' xyy Kvy XXV XXy XVy - 000 000 ! oov
() ' xxv i xyv Xvy XXY [ oxwxy | oxyy | T 000 | 000
(8) XXy P XXy - XYy . KYY | XXy | KXy Xyy = ! o000
(9) XYY . KKV i XXV : _XV¥¥ . Xyy ' XXy XKy Xyy i oo~ |




up to t = 36 in any number c < t - 1 of Columns. As might be expected,
the multiple Youdens have their parallel balanced incomplete blocks.

Table IITa shows the Design for 9xltx18. Table ITb sets out the compar-
ison table, i.e., the comparisons within Rows. Then we may check off the
comparisons in the first»9 Rows with an x and in the last 9 Rows
with a y .Thus Treatment (1) is compared with Treatmént (2) once in the
first half, i.e., in Row (Group) I and twice in the second half, i.e.,
in Rows X and XVIII. BSo its comparison shows xyy . The counter compar-
ison of (2) with (1) may be again, as in Table I, indicated by an o. This
comparison Table IITb shows that the 9xU4x18 gives rise to a thrice-filled
table of comparisons. If the first half had been used alone some comparisons
would have been made once and some twice and the same may be said of the
second half. As things have been worked out, however, the two halves comple-~
ment each other and all comparisons are made thrice.

These . double Youdens may not only be useful when, for some value of
t , like 9, there exists no single Youden Design, but also when they
require a smaller number of Columns than the single Youden. Thus it is
showr. in Table IV that for 25 Treatments one can write the single Youdens
25x9x25 and 25x16x25 but it may nonetheless be more practical to employ
the double Youden 25xL4x50. |

To go somewhat beyond the idea of double Youdens, it may be noted that
there do exist various classes of multiple design where the number, r = gt ,
of RPows involves g > 2 but still an integer. Thus it might be said that
the case of a triple Youden, 7x2x21, f = 1 , has already been shown in
Table I. While in a theoretical way we might get a variety of integers, it

seems hardly worthwhile to consider cases other than g = 2 , i.e., what the
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writer terms "double Youdens." The exception is the case of paired compari-
sons ¢ = 2 , where we may go to quite high multiples, or values of g > 2 .
Cochran and Cox (1957), it may be noted, do show multiple Designs beyond the

double.

Yates rectangles - A special class of Designs was first suggested by Yates

(1926), where r , the number of Rows, is the same as t , the number of
Treatments, but c¢ , the number of Columns is always +t - 1 . In thes:
Designs every Treatment must, of course, occur in every Co. =——. Fﬁrthermore,

each Row must contain all Treatments but one and that one riz: be missing in

no other Row. Yates rectangles may be corceived as simply "Sing dows all
combinations of t +things t - 1 at a time, i.=., 02_1 = = Rows, and then

permuting within kKows until the condition that each Treatme. - occur once and
only once in each Column be met. Such Designs can be writt.n for any value

of %t . An example is the Tx6x7 Design as follows:

Row 1 2 3 L 5 6
I (1) (2) (1) (7) (6) (3)
11 (2) . (3) ) @ (1) (4)
11T (3) (%) (6) (2) (V) (£)
v (%) (5) (7) (3) (2) (6)
v (5) (6) (1) () (3) (7)
VI (6) (7) (2) (5) (&) (1)
vIT | (7) (1) (3) (6) (5) (2)

The comparison table is always filled + - £ +times. This Design fills the

comparison table 5-fold.



These rectangles due to Yates (1936) are of great interest historically
because they antecéded Youden Designs in general. Yates had in mind
not Change-over experiments but those more like Agronomic experiments where
the observations were made on contiguous plots of land. These Yates rec-
tangles are not of general utility because, among other things, they are
overshadowed by the closely related latin squares which will be discussed
next. There is, however, one exception and that is in problems involvirz
Carry-over, which will be discussed helow, and which makes labin squares
with t odd ;ui:: awkward, whereas the associated Yates rectangle is very

well behaved. It may be preferred +to use the Yates rectangle.

Latin squares - A very special class of change-over Designs are those where

the number of Rows and Columns is the same as the number of Treatments.
These may be written' txtxt . They are called latin squares. In these,
every Treatment must occur in every Row and in every CGolumn. The'comparison
table is always filled +t +times. This well-known Design is abundantly
illustrated in the remainder of the present book. The first case shown
is that of Table VI. |

Latin squares are of great general untility. They are comparatively easy
to design. Trey are easy to analyze. Latin squares are of the greatest inter-
est historically because they were among the things that Sir Ronald Fisher
gave us when he inaugurated experimental design in the early 1920%. Origin-
ally, and in most of the current writing, latin squares arise typically as
contiguous plots of land, ratrer than as Change-over experiments, but there
seem to arise few difficulties on account of this background.

The historic order in which things arose was first the latin square,

for practical purposes by Fisher in 1925, then the Yates (1936) rectangle,
(&) '

el
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and then the Youden (1$37) rectangle. Properly we shculd perhaps speak

of Youden squares in contrast to latin squares; but that name has been so
firmly established by the illustrious Sir Ronald Fisher, that it must be
retainec. To the contrary, in the literatpre Youden rectangles proper are
often spoken of as incompléte lztin squares. This term arises because
the latin séuares anteceded the Youdens. In a sénse, this is a fair des-
cription because a Youden rectasgle may always be comrleted to a latin
square. On the other haﬁd, it s nowise true that a ~atin square can
always be reduced to a Youden reztangle. Corzonly, - is quite impossible
to choose any set of columns f m the latin square a3 get a Youden
rectangle. It is, of course, fair to call a Youden square, or latin
square, complete in the sense that a giVen Row contains all Treatments
once and once only.‘ On‘the other hand, a Youden rectangle; c < t., is
incomplete in the sense ‘that a given Row contains only a fraction of the
Treatments.

The usual textbook discussion of latin squares, arising as it does
from spacial rather than Change-over expesriments, discusses their character
in terms best forgotten in the present context. They are said to possess
a "double control," i.e., they are arranged so that systematic effects in
the Rows and Columns do not affect the comparison of Treatment estimates.
While this is true enough, itlwere best forgotten so far as change-over
experiments are concerned. For them, just as for any other Youden
( ¢ < t ) Design, Coiumn effects are eliminated automatically from the
Treatment comparisons bec=use every Treatment occurs in each Column‘and
vheir effects are quite unconfounded. The matter is best conceived as

thal of differences within Rows filling a comparison table t times.
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It may be suggested in a gers'21 way that the latin square ari-ses
cimply as a special case txtxt, of the Youden type txcxt, of Designs. %t
nonetheless nas many special properties. It may be considered as an up.:r
boundary of the Youden Designs in a very general sense. The latin sque e
also is im-o>rtant since several rules as to existence of Youdens turn ca
it. These ~ules will not be discussed here further, however.

The resder will encounter in the literature much difficulty in the
analysis of Youden rectangles and even more when he attempts to extend -t
to Change-over experiments on account of the reverse order in which the
Designs arose--from special case to general case. The literature attempts
the form of the analysis of variance that Fisher derived for the 1latin
square. With the development of thé field, later writers have attempted
to generalize the analysis of all types of design into the form of analy-
sis of variance. This Procrustean effort is of dubious value particularly
when one gets to the analysis of change-over experiments. The arithmetic
becomes extremely heavy and the interpretation muddled. Accordingly, it
seems best to recast the analysis of data from Youden rectangles in a
form more natural, more meaningful and,in certain circumstances more
easily calculated. .This form is, of course, applicable to latin squares
for which it aboqt ties with analysis of variance.

The latin square, like the previous Youden rectangles, has its degener-
ate form, when the character of the Columns is supposed trivial. This is
knowﬁ as randomized blocks. This Design is of considerable importance in
laying out trials on plots of land but of no interest in Change-over

experiments.

R
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Metalatin Deszgns - We shall consider only very briefly czSes where the nurber

of Columns e7ceeds the nu:ier .f Treatments, i.e., where ¢ >4 , Beyond
l=5in squars. one may, 2t l:z2:z" theoretically, go on to cases Where each
experimenta. unit (Pabient, Subject or Machine) try all Tyreatuments and try
some of them more than once. For instance, each subject @ight try all Treat-
ments twice, in a rather simple-minded design. For such there seems to
exist no name therefore, Lew s coin the term of metalatin}rectangles.
There seem 50 be 3 types, Type III of Cochran and Cox (l957),-where the
number of Columns is ¢ =mb -~ 1(m > 1); their Type IV wheXe ¢ = Mt + L(m > 0) ,
m being an integer; and a nameless type which arises giveh t X cx t , c
being such that c' = ¢ - & g- 2s rise to a Youden Desigp, in the sense of
the present book, + x c¢' x t . In these, some Treatment Myst Occur more
than once in a Row and therefore be compared within the Row with itself. Tn
the comparison table the cells bf the principal diagonal zte to some extent
filled--in the comparison table for c <+t these cells gte eppty. Approach-
ing the problem from another direction, one will find sucp Desi&ns discuséed
asAlatin squares with extra plots. |

There is only one place where the use of metalatin DeSigns seems possi-
bly justified, i.e., the case of +tx(t + 1l)xt . These are mentioned very
favorably by Patterson and Iucas (1962). They favor a latin sguare where
each Treatment is followed by every other Treatment and tpén by repeating the
last Column so +that it is also followed by itself. Such design makes Treat-
menté and Carry-over completely orthogonal but at the expegfse ¢f confounding
with the Row. It is possible that some such Design would ayoid the difficul-
ties in Change-over referred to later, of writing latin sglares with +© odd ,

but the matter is not explored ir *“he present book.
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The Designs we have . =1 metalatin, i.e., of the present general
type except that ¢ >t . - _._ not be discussed much further in this book
so that perhaps a few gzi2. -1 remarks are in order here. Metalatins may
conceivably be useful in :.. : anusual situations where one is poor in
experimental units but ccc =v.tively rich in time. Such a case might, for
instance, arise in a paper " _1 on an experiment on 3 great paper
machines, which are all t-- are in a paper plant. Accordingly, one might
try out 3 bactericides ov . :ore than 3 periods. The case is some-

what forced and the Whole =5s seems so far outside all probable experi-
ence that it will not again be discussed beyond this section. The Design

3x5x5, taken from Cochran anc Cox (1957, their plan 13.16 of their Type III),
is
. Column
Row 1 2 3 L )
I (1) (2) (3) (2) (3)
IT (2) (3) (L) (1) (2)
III (3) (1) (2) (3) (1)

The resulting comparison t_..s is

Treatment
vs. (1) (2) (3)
(1) XXO00 0000 0000
0000 0000
(2) XXX XXO00 0000
XXXX 0000
. XXXX XXXX XX00
XXXX XXXX
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The historic limitations of experimental design - It so happened that the

necessity for clear thinking with regard to experimental design and the
analysis of experimental data were first realized in Agronomic work ab
Rothamsted Experimental Station. As a result the terminology of experi-
mentation has an Agronomic flavor: In a most serious way, the whole realm
of thinking is limited and stilted‘by the circumstances of Agronomy in the
1920's.

It should be understood that the agronomic experiment is peculiar in
that in a general way it consists of units of area upon each of which, in a
usual way, only one Treatment is tried. One tries only one fertilizer on a
given piece of land. These small plots are usually clustered in compara-
tively homogeneous groups called blocks. There may be great variability
from block to block although ideally but little within. The idea of the
Block or of the Row, as we handle things, is very important. It is the
dimension in which we accept chance variabiiity. We anticipate there will
be much more variability asmong Rows than within them. A contrast to Change—
over, in behavioral work, that is analogous to the plots and blocks of
Agronomy -is what is often called msatched panel operation. One Treatment
is given to one group of men and another Treatment to another group.
i%iere are, say, two such groups. An effort is_madeltq get men of about
the same age, background, etc., matched or balanced into the 2 groups.
Such endeavors generally seem to work out poorly. The experimental control
of a.change—over experiment seems to work out bettert

The reader with a background in statistical experimentation will be
surprised that the present book gives but little attention to the

arrangement of Treatments, as compoundings of various factors etc., but great
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attention to the evaluation of Treatments regardless of their origin.

The writer's experience has been that his great problem has been to
discover the actual result of his Treatment--how people react to such and
such a Treatment. How ﬁuch'steel did come from the use of each 0il?
_Thése facts require more than careful and abundant observation; they re-
quire the careful design with which this bock is preeminently concerned;
they require careful allowancé for probable differénces among the experi-
mental units. The facts having been clearly discovered, the particular
policy that should be pursued as a result of the experiment is often
patent. There is, on occasion, necessity to break treatment variability
up, as has been done in each of Chapters V through VIII in connection with
various types of problem. This is essentially the partitioning of “reat-
ment effects that looms so large in the classical analysis of variance.
Indeed, Table XXXVI is devoted to such partitioning. It will, however,

be noted that the numerous examples of the present, book are almost entirely
c?ncerned with the question, in fact, of what was the responss to various
Tfeatments in simultaneous trials.

Finally, experimental practice and analysis are still heavily influ-
enced by the fact that they were directed towards the use of desk calcu-
lators. A science carries its rudimentary aspects in the same way that
animals carry rudimentarﬁ organs. One can indeed still find in statistical
texts elements from the pen-and-paper days preceding the desk calculator
ea;ly in this century. In fact, we have the electronic computer and should
shape our work for its use. The matter of form of analysis will be taken

up fully in the later chapters.

[
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II. Exploration of Youden field

Page
The general character of Youden DesSigns =« o o s+ o o « o « o« o« o & 52
Latin squares and Yates rectangles e 1 8
Youden Designs, c¢ <t = 2 , that may exist « « o « &+ o v o « o & 3k
Single Changes—over or paired COmMParisSons o« « « « « « « « « « o« o« _ 36




32

The general character of Youden Designs - For the type of Design indicated

in Chapter I, we may write in a formal way that it involves % Treatments,
applied to c Columns in r =gt ( g an integer) Rows. For ¢ <t , no
Treatment is repeated within a Row, whence each Treatment_occurs g times
in each Column. In order that the comparison table, in the sense of

Chapter I,be filled an integer number of times, the number,

ZrCS = rc(c - 1) . (1)

of comparisons within a Row over all Rows must be a whole multiple of the

total,

202 = t(t - 1) (2)

number of combinations in the comparison table, i.e., the schedule of

paired comparisons. The integer fill is then

c, .t
r = r02/02

Il

re(e - 1)/6(t - 1) . (3)

The value r is generally chosen so that f is minimal. The case of
r =% 1is, of course, that of the usual (single) Youden. Then, of course,

we get the simplification

r=clc-1)/(t-1) . ()

Cases where r =gt , g an integer, greater than 1, but minimal, are what
we have termed multiple Youdens. We are particularly interested in the case

of g =2, which is here termed a double Youden.
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The term Youden is used in the present book in the somewhat restricted
sense of Designs that seem to have proven useful and easily useful., They
are restricted to situations where thé numbers of Rows, typically subjects,
and corresponding to blocks of the classical experiment in Agronomy, is
equal to the number of Treatments. There is also a speciél class where the
number of Rows is twice the number of Treatments. FEach Treatment appears
the same number of times (once or twice, according o type of design) in
each Column. Very importantly, each Treatment is compared with each other
Treatment the same number of times within some How. The rumber of compari-
sons within Rows is called the f£ill. The term Youden is used somewhat more
broadly than usual in the literature, to include not only the common cases
where the number of Columns is less than the number. of Treatments but also
cases Where Columns egqual Treatments.

There exist, in the Jitératuré, Désigns where the number of Bows
is less than t , whence a given T?edtment cannot be repfesented in every
Colunn. There are also Designs where the number of Rows is greater than -
the numﬁer of Treatments, but not an integer multiple. In the terms of
the immediately preceding discussion, g 1s not an integer. Such Designs
are unhandy to execute and put an unnecessary strain on one's faith in the
algebfaic interpretation. it seems idle to get into such unnecessary
. complications. It were better to spend our time understanding fully,
and familiarizing ourselves with, the moré limited type of Designs,

covered in the present book. The present book excludes the metalatins,

where c >t .
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Latin squares and Yates rechtangles - It is always possible to write a

latin square, which requires t Rows. Then g = 1 . Then from Zqu. (4),
since c=t , f =+t . Similarly, it is always possible to write a
Yates rectangle, which requires t Rows anéd c¢c =t - 1 , whence from

Equ. (4), £ =1t -2 .

Youden Designs, c <t - 2 , that may exist - In order to find what

Designs are possible, for a given number %t of Treatments, one need only
consider the value of £ in Equ. (4) for any value of c (with.that t ).
Then a single Youden can exist for cases where f is an integer. Double
Youdens are cases where f comes out .5, 1.5, 2.9, ete., and then it is
necessary to make g = 2 . Triple Youdens are cases where T comes out

a multiple of 1/3 and then it is necessary to make g = 3 . Using thus
Bqu. (%), Table IV was constructed., ‘iis teble shows for t through

36 all single and double Youdens than can possibly exist and for t

through 16 all triple Youdens. For each Design, the £ill, f ; in the
appropriate compariscn table is shown. It should, of course, be realized
that the conditions considered in Table IV are necessary but not sufficient.
Only fof the cases shown can there exist a Youden rectangle, but nct for
all cases has a Design been written.

It will be noted in Table IV that if any Design, single, double or
triple, for t Treatments can be written in ¢ Columns, then for the same
t Treatments, one can be written in t - ¢ Columns. One may term two
such Designs complementary. The procedure for so doing is discussed in

Fisher and Yates (1967:26).

i
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Table IV - Possible Youdenish arrangements with given number &

of Trcatments, ¢ of Columns , resulting in rill of f

&. Youdens single or properl(excluding Yates rectangles and latin .

squares), all possible.up to t = 36

t ¢ ¢ t e T t e f t e f t e f
T 3 1 16 6 2 2311 5 31 6 1 35 17 8
y 2 10 6 i2 6 10 3 18 9
11 5 2 19 9 L4 25 9 3 iz g 36 15 6
6 3 10 5 16 10 , ’ 51 1L 21 12
13 4 1 21 5 1 27T 13 6 .. 25 20
9 6 16 12 b7 3 12 b
15 7 3 22 7 2% 29 8 2« 22 1k
8 L 15 10% 21 15«
b. Double Youdcns, all possible up to t = 36
£ ¢ f t ¢ £ 't e £ t c f - % c f
2 1 13 3 1 21 6 3 25 L4 1 29 7 3
3 3 - 6 5 10 9 . 12 11 1k 13
) T 7 11 11 13 13 15 15
9 c g 10 15 15 21 21 35 22 33
7T 8 1 33 16 15
9 9 17 17
c. Triple Youdens, ail possible up to t = 16
-t t ¢ T t e¢ f t e f t ¢ T
y 2 2 T 2 1 10 3 2 13 5 5 16 5 L
5 10 L )4 8 1L 11 22
_ 6 10 .
7 14

# Proved non-existent.
O




One can only suppose that the possible Designs of Table IV wonld soon
be obvious to anyone who looked at all closely at the present field. Such
a list is given, over somewhat different range from that of Table IV, by
Fisher and Yates (1967). They show the cases for which it has been proven
that no Design is possible. Often, however, the reader may be told the
Designs that are known but not those possible. In this sense, some are
missing even from Cochran and Cox (1957). They shoﬁ in their list of
plans ali the single Youdens up to the case of " t = 21 and occasional
higher values of % . They omit Designs that exist for t = 25 and 31;
that possibly exist for + = 27, 34, 35 and 36; and that might be expected
but are proven not to exist for t = 22 and 29. A number of other writers
give lists but these seem to refer back pretty generally to Cochran and
Cox. Many more Designs are added in the present book, but even here
Designs remain unfound.

Lt 1s probably surprising that when t < 36 how few single Youdens
are even possible from Table IVa. There t 1is most commonly odd,
because then it is muck easier to satisfy Equ. (4). There are even fewer
double Youdens because for them it 1s almost necessary thét t be some
multiple of 4 plus 1. Such limitations are not, however, important in
practice. For instance, with 10 Treatments to test, one could be tried
twice, or some other 1llth could be found, and so the very convenient

Youdens of 11x5x1l or 1lx6x1l would become applicable.

Single Changes-over or palred comparisons - Paired comparisons, i.e., cases

where only 2 Treatments are offered in succession to each participant or

machine initiated the entire present discussion. They remain of peculiar
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practical importance. Only in their case are we interested in Designs
where g is larger, and sometimes considerably larger, than 2, Then, of
course, it is always possible to write a Design. <For t Treatments it

is only necessary to write r = CZ Rows to get all comparisons. This
indeed does for t , odd, although if it is élso required that each
Treatment occur equally in each of the 2 Columns it is necessary to write
r =~ECE Rows. Under these circumstances, paired cdmparisons are always
filled once for t , odd, and twice for t , even. Chepter VIII 1is devoted

to the consideration of such paired comparisons and includes some discus-

sion of their design.
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IIT. The Carry-over of Treatment effects

The general problem of Carry-over in Change-over

exXperiments . o . 4 0 4 e 4 e e 4 s s s e e e e e e e
Carry-~over in a simple non-Youden situation e v e e e e s
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The general ~™ob 2.1 ¢ 7 Carr, -over in Change—over experiments - Change-over

experiments while admirable in many respects suffer from the problem of
the Carry-over of effects from one period of Treatment into at least the
following period under another Treatment. For example, in the classical
field of Animal Husbandry where a cow's lactation may be subdivided into
three Periods each under a different diet, the effects, such as vitamin A
content, of one Period must persist into the following Period. Likewise,
in an industrial experiment on the use of bactericide in the recirculated
water of a paper machine, the bactericide of the 2nd period may persisf
into the 3rd period. A similar problem arises when people are given a
series of Treatments. The character of one Treatment tried, for example,
in the 2nd week, may influence their response to Treatment tried in the 3rd
week. The matter may be one of simple physical persistence of Treatment or
it may be a matter of changed attitude on the part of a patient. It is
often easy enough to show experimentally that such Carry-over occur without
being able to judge whether the effect is physical or psychic. While suéh
problems seem to have been first considered in feeding problems of Animal
Husbandry, they occur, however, widely and clearly. in studies made in many
fieldé. The carry-over effect present is usually boldly ignored, often to
the total confusion of the experimental results.

The possibility of Carry—bver is very important because it influences
not only the analysis of data from change-over experiments but thelr design.
Occasionally one wants information on Carry-over per se -- how long does a
Treatment effect persist? More commonly one wants to free the estimates of

direct Treatment effects from Carry-over with which they may be confounded.
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Even the latter -: not always done. It may be sufficient to balance carry-—
over so that it zffects all Treatments equally. Certainly it is

folly to have a given Treatment often or even always preceded by some

other Treatment which may cast a heavy shadow. ‘Yet the literature is full
of such designs. The balancing of carry-over effects can, moreover, be
usually done at no experimental or moretary cost'——Ait is simply a matter
of arrangement of Treatment sequences.

The general field of Change-over experiments has been reviewed by
Patterson and Lucas (1962). Their review allows for what seems to the
writer extremely complicated Designj; it allows for cases where say a number
of subjects are first divided into subgroups which are comparatively homo-
geneous within themselves and on all this is the Design built. The writer
thinks that perhapsAsuch complexity has unduly burdened the application of
their techniques. Certainly the writer has had trouble enough to get the
more simple of their Designs, as discussed in the present book into use.
Even then comparatively simple Designs have suffered from men disappearing
or at least failing to complete théir assignment.

In the previous discussion the idea of Carry-over effects from an
immediately preceding Period 1s involved rather than, say, from some yet
earlier Period. Indeed the following discussion is almost entirely in terms
of the immediately preceding Period. In fact, very‘commonly one can find
traces of Carry-over for 2 Periods. It usually seems to be much the same
as the Carry-over of immediately preceding Period but weaker. Theoretically,
and ' to some extent practically., one may be plagued by the Carry-over

extending back several weeks in an experiment.

4.
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Carry-over in a simple non-Youden situation - A clear illustration of

Carry-over comes from a very simple experiment for which data and Design
are shown in Table Va. Treatment (1), which, as will appear, proved in-
ferior, was tried against regular Treatment (2). This Design does involve
Change-over but is outside any of our regular Youdenish patterns. It is
presented because the Design was such that the evidence of Carry-over is
unequivocal. Each Treatment was tried by each of a ﬁumber of men. Some
men started with (1) and some with (2) and then followed a sequence of
trials. The men were divided into 12 groups each of about 20 men. The
men of a given group followed a given sequence of trials. For each Week
there was calculated the percentage of the time that the men said they
were satisfied with the Treatment.

The Oth week was set aside, as a conditioning week, i.e., as a week
in which a participant tried one or the other of the two competitive
Treatments but he returned no comment (at least one that was used). For
the next 4 weeks he was given one Treatment to try for each week, and his
satisfaction was considered. It can be seen that in each case there is an
(1) preceded by a (2) and one preceded by an (1); similarly there is a (2)
preceded by a (2) and one preceded by an (1). The symbols (1) and (2) are
balanced in Wezks. It is, accordingly, interesting to summarize the results
according to the Treauvment given and the Treatment preceding as shown in
Table Vb. Finally, as in Ve averages are formed. The things that are
striking about these numbers are that Treatment (1) averages less than
Treatment (2) but secondly that both Treatmeuts average higher after (2)

than after (1). That is to say that the character of the two Treatments is
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evidenced just about as well in the response to other Trestment a week
later as it is evidenced in the week that the Treatment is tried. The
carry-over effect is of much the same size and nabture as the direct or
main effect. Our evidence seems to suggest that the use of good Treatment
improves performance of subsequent Treatment in much the éame way as an
experience with bad Treatment depresses performance of subsequent Treatment.
It may be noted that the Design of Table Va is perfect for’the strict
detection of both the direct ¢ffect of the two Treatments and for their
Carry-over. As the statistical term is they are not confounded with
column or week effects. Each Treatment is tried equally each Week and
each Change-over and presunably Carry-over occurs equally each Week cf
the trial. |
Carry-over may be physical as when an animal is subject to a suc-
cession of diets and traces of diet in oﬁe Period may linger on into the
next Period. Again it could be physical if medication similarly iingered.
In this case we should call the Carry-over positive because benevélent
Treatment tends to give a desirable response in the following Period. On
the other hand it could be psychological. Sdmeoné judging the degree of
satisfaction of a Treatment may be influenced by thé satisfaction of Some
previous Treatment. Then it is hard to say whether the Carry-over will be
positive or negative. If the preceding Tregtment was satisfactory then the
Treatment under immediate consideration may be judged favorably in associa-
tion in which case we say there is a positive Carry-over. Here good
Treatment tends to elicit favorable response at the next Period. On the

other hand, if the preceding Treatment was satisfactory then that under

4
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Table V - Two Treatments each tried by 12 Grouvs of Men
2., Design and Results
Week

Group 0 1 2 3 L Sunm

I ((2)) (1) 72.3 (1) 56.9 (2) 59.4 (2) 70.0 258.6
11 ((1)) (2) 76.0 (2) 75.0 (1) 72.8 (1) 77.5 301.3
I11 ((2)) (1) 61.7 (1) 51.7 (2) 61.7 (2) 64.2 239.3
1V ((1)) (2) 75.6 (2) 75.6 (1) 71.1 (1) 70.2 | 292.5
v ((2)) (1) 36.4 (1) 38.2 (2) 52.7 (2) 57.8 | 185.1
VI ((1)) (2) 61.8 (2) 49.1 (1) 61.8 (1) 70.9 | 243.6
VII ((2)) (1) 65.5 (1) 6.4 (2) 61.8 (2) 81.8 | 265.5
VIII ((1)) (2) 57.8 (2) 70.6 (1) 60.0 (1) 62.0 | 250.4
IX ((2)) (1.) 60.0 (1) 62.7 (2) 68.2 (2) 69.7 260.6
X ((1)3 (2) 68.9 (2) 67.8 (1) 60.0 (1) 57.8 | 254.5
X1 ((2)) (1) 63.8 (1) 58.3 (2) 60.7 (2) 67.8 250.6
XII ((1)) (z) 60.4 (2) 67.3 (1) 67.3 (1) 54,4 | 249.4
Sumn 760.2 729.6 757.5 804.1 | 3051.4
Mean 63.4 60.8 63,1 67.0 63.6

b. Sorting results according to Treatment and previous Treatment

Treatment
After (1) (2) Sun

(1) 56.9 56.4 59,04 61.8

775 62.0 76.0 57.8

51.7 62.7 61.7 8.2

70.2 57.8 75.6 68.9

38.2 58.3 52.7 60.7

70.9 sh. b = 717,0] 61.8 60.4 = 765,0 1482.0
(2) 72.3 65.5 70.0 B1.8

72.8 60.0 75.0 70.6

61.7 60.0 64.2 69.7

71.1 60.0 75.6 67.8

36,4 63.8 57.8 67.8

61.8 67.3 = 752.71 Lo.1 67.3 = 816.7 1569.4
Sum | 1469.7 1581.7 3051.4

c. Averages
Treatment
After (1) (2) Mean Contrib,
(L) 59.75 63.75 61.75 - 1.82
(2)] 62.72 68,06 65.39 + 1.82
. Mean| 61,24 £5.90 53,57
Contrib.| -2.33 +2,.33
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immediate consideration may be judged harshly in contrast, in which case we

say there is negative Carry-ovcr. It 1s indeed hard to tell how matters of

Judgment will go and one can only be guided by the ascertained facts.
Insofar as the reader is impressed by these facts and by others of

the same kind produced later, he should be warned of a curious phenomenon.

The irresistible inclination of people, who are notAstatistical, is to start

discussing the machinery of such an effect. They want to argue as to what
must g2 on in the minds of the participants. That seems an innocent enough
thing to consider. The next thing, however, they become so involved in one

another's hypothetical machine:y that they start disputing about it. They
proceed tangentially to the question of the machinery of how Carry-over
might work. There arises much speculation as to what ié in the hearts and
the minds of the pafticipants. They end up by proving to their‘own satis-
faction that some machinery does not exist and feel that-they hévevtherefore
dismissed the fact. The fact remains actually. Accordingly, we should not
discuss the fairly obvious machinery but stick to the facts and their
implications. Our proper business is to discover, in fact, whether (and
not why) the response of participants to some type of Treatment is-affected
by previous Trezitment.
Men who pass as practical are inclined to confuse themselves with
the foregoing type of result or to ignore it entirely. They are inclined
to try 2 Treatments, one after the other. The first Week they may try
one Treatment entirely, the second Week the other. By doing this they get
a situation where the effect of particular Weeks is confounded together
with carry-over effects with true treatment effects. They had better almost
1guessed at the quality of their Treatment. At a somewhat more sophisticated
ERIC ]
as
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level they may have half the men try a given Treatment in one Week and the
other half the men try the other Treatment. Then the second Wa=k each man
will try the Treatment he was previously denied. There are, however, dangers
in such a 2-treatment experiment completed in 2 Periods. Where Treatment
effects are significant we see what would tend to have happened if we had

run 2-treatment studies, o7 the type where half the Groups get Treatment

(1) the first Week and Treatment (2) the second Week, while the other half get
(2) the first Week and (1) the second Week. This is what may be characterized
as the straightforward, commonsense approach to the question. We must.
however, ask ourselves how far such a commonsense program wisely advises and
how far it misleads. It can be seen that thes typical 2-week, 2-treatment
study tends to underestimate in this case the extent to which the Treatments
differ from the contfol; it judges Treatment (1) which probably deviates
considerably from (2) as deviating little. They may Jjudge poor product,

(1) i.e., (63%), as in Table V when preceded by good Treatment, (2), to

be much the same as good Treatment, (2), i.e., {(64%), when preceded by

poor Treatment (1). Would we then do right to say that the two kinds of
Treatment are the same?

Given tre data of Table V, a well-instructed man would have two serious
alternatives in reporting or recommending. First, he might say that there had
been tried out the two Treatments properly to balance out any possible
carry-over effects so that at least they are equally assocliated with the
treatment effects, in the Design above. Then (1) preceded equally by (1)
and (2) gives €1% satisfaction whereas (2) preceded equaily by (1) and (2)

gives 66% satisfaction. As an alternative, he might report that a
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man using one kind of Treatment at all regularly will be more like (2) after
(2), i.e., 68%, and (1) after (1), i.e., 60%.

If there is Zarry-over but it is of negative character, i.e., makes a
man Jjudge particularly ill Treatment in general after he has experienced good
Treatment, problems of quite another kind would arise. The alternation of
Treatments (1) and (2) would tend to heighten the'contrast between them and
greatly gratify an experimenter anxious to find statistical significance of
some kind. He might report that Treatment (1) gave very lbw satisfaction
while (2) gave very high satisfaction. He, in this way, might mislead. If
the experience of having tried (2) much depressed the satisfaction enjoyed
with further such then (2) would appear to much less advantage in the long
run than on the short run of the experiment.

k]
Change-over and Carry-over in a latin sguare - The realm where the writer and

it seems other people have done the most work and thinking on Change-over
and where we have the most experience on Carry-over is that of the iatin
square with t , the number of Treatments, even. For cuses of t , even,
there is always pbssible, as is discussed ;;'Chapter v, a Design with the
desirable kind of Change-over,.as helow. Consider, in illustration, a test
on 6 Treatments, (1) through (6), for which results, in a measure of satis-
faction, were as shown in Table VIa. The Design is a regular latin square
(except for *he conditioning Week marked O which is extra) but it has the
unusual feature that each Treatment follows all other Treatments so that we

may form some opinions about the Carry-over. These data may be sorted, along

the same lines as the data of Table V, according to Treatment and preceding

o
{
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Treatment. This has been done in Table VIb. It will be seen that, in
general, if a Treatment has a high average the results following that Treat-
ment are high, i.e., the means for Rows and Columns in VIb go together. 1In
such experiments with several Treatments tried, when the Treatments have
considerable effect the Carry-over is considerable--it is very often in the
same direction or so~to-speak positive. It may be noted in this case we

get again the curious result that poor Treatment following good Treatment does
as well or better than good Treatment following poor Treatment. So there can
be a serious danger of misleading by bad experimental design and analysis.

In Table VIb the original Columns are egually represented in each Treatment
(verticaliiy) and following each Treatment (horizontally). The'original'Rows
remain equally represented in each Treatment but, of course, the original Rows
are a little confounded with the Carries—-over. Thus in row I, the Carry-over
of Treatment (1) appears twice but the Carry-over of Treatment (L), not at
all.

In Table VIb, there is shown against each Carry-over the mean. The de-—~
parture of the mean for Treatment or for Carry-over (After) from the corner
mean of 56.4 is shown as the appropriate contribution. It is of some interest
to notice the correspondence be reen Treatment and carry-over effects. This
can be ascessed by calculating the correlation coefficient¥ for means or
for contributions. It is considerable, being +.93.

Typically in the kind of experiment involved in Table VIa, the condi~

tioning or Oth week would be omitted. Accordingly, the values on the

%
In case anyone does not know, the correlation coefficient measures th~

correspondence of two sets of ures. It is +1.00 for perfect direct coi -

respondence; .00 for no orrespondence and ~1.00 for perfect contrariwise

O
E MC'es denc | (j y
pondernce. o
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Table VI ~ Satisfaction reported by 6 Groups on 6 Treatments over 6 Weeks

a. Data collected

Week

Group 0 1 2 3 L 5 6| Sum Mean
I ((1)) |(1)46.4 (3)45.8 (2)ko.8 (5)62.h (6)59.9 (4)61.7 | 317.0 52.8
11 ((2))|(2)60.9 (4)59.2 (3)LL.9 (6)6k.2 (1)55.3 (5)52.0 | 336.5 56.1
TII ((3))1(3)50.0 (5)50.0 (k)6k.2 (1)6C.9 (2)58.4 (£)53.3 | 336.8 56.1
IV ((1)){(M)63.7 (6)72.0 (5)T71.7 (2)57.3 (3)53.3 (.)52.7 370.7 61.8
v ((5))(5)48.8 (1)50.L (6)56.4 (3)58.9 (L)65.6 (2)6k.2 | 34L.3 57.4
VI ((6))[(6)63.2 (2)58.7 (1)51.8 (4)k9.6 (5)49.6 (3)53.6 | 326.5 5kh.}
Sum 333.0  336.1 329.8 353.3 3k2.1  337.5 [2031.8

Mean 55.5 56.0  55.0  58.9  57.0 56.2 .56

b. Data arranged by Treatment and by Treatment of the preceding Week

Treatment
After (1) (2) (3) (4) (5) (6)! sum | Mean !Contrib.
(1) 46.4 58.4 L5.8 49.6 52.0 56.h! 308.6 | 51.4 | -5.0
(2) 51.8 60.9 53.3 59.2 62.4 53.3° 340.9 |56.8 ! + .4
(3) 52.7 40.8 50.0 65.6 50.0 6k4.2; 323.3{53.9 | -2.5
(40 60.9 6k.2 Lh.9 63.7 149.6 72.0| 355.3|59.2 ' +2.8
(5) 50.4 57.3 53.6 6L.2 L48.8 59.9| 334.2|55.7 | - .7
(€7 55.3 58.7 58.9 61.7 T71.7 63.2| 369.5|61.6 | +5.2
Sum {317.5 3L40.3 306.5 36L.0 33L4.5 369.0({2031.8
Mean ! 52.9 56.7 51.1 60.7 55.8 61.5 56.4
Contrlbi -3.5 +.3 -5.3 +4.3 -.6 +5.1
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Principal diagonal of Table VIb would be omitted, i.e., the results for a
given Treatment would not include a case where the Treatment would be preceded
by itself, i.e., the treatment total would not embraée its own Carry-over.
The mean for that Treatment ﬁould be necessarily biased by the imbalance of
the Carries-over. The corresponding estimate of Cavrry-over would be
necessarily biased in the direction of the balance Qf the Treatment=. The
Carry~over, in brief, as will te discussed in detail in later discussion on
Carry-over, would,to some extent, be confounded with direct treatméht effécts
as well as previously discussed, to some extent with row effects. This
confounding is, however, small in degree in a latin square, as compared with
other Designs. The direct treatment effects would be confounded to some

extent with Carry-over but with nought else.

Bince in many cases the Carry-over of a Treatment varies as much, or
almost as much, as the direct effect of the Treatment, it might in some sense
be used to discover the Treatment effect. Perhaps even more pointfully the
direct Treatment effect and Carry-over might be used conjointly to discover
the effect of Treatment. Such ﬁrocedure would be very efficient but it is
perhaps a shade questioconable under the practical conditions. It has not
been developed.

The occurrence of Carry-over in routine latin squares, particularly of

the type bxhxlt for t even and a kind of double Design two (3x3x3) for

t odd, as will be discussed later, has been thoroughly examined by the writer
<1 numerous tests wsing men. The conclusions reached have been that the pat-
tern of Treatment of participants should be such that one test Treatment has

much the same background as another. In practice, the Designs, termed

4
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balanced Carry-over, should be regularly employed. This should be done
because there is often clearly a Carry-over of Treatmént responses from
the Treatment used prior to a given test Treatment. Insofar as the pre-
ceding point is sound, experiments consisting of several (such as 6
kinds of Treatment) are superior to thosevéonsisting of 2 kinds of
Treatment. The experiment on 2 Treatments or Materials in 2 Periods,
to which the uninstructed mind wiil be found to turn ffeely may be bad
because possible Carry-over can:be balanced only with a certain difficulty
as in Table V. In experimenfs with t > 2. one does not 2ven need the
conditioning Period as shgwﬁ at ﬁhe beginning in Table VI; this matter wil
be gone into later in detailed discussion of the analysis of experimental
data. The conditioning.Oth Week of Table VI is simply included because
for the moment it simplifies the arguﬁent as to the existence of Carry-
cver. In practice Designs &ith t=2 should bé used as.little as possible
‘The idea of confoﬁnding of effects will occur frequently throughout
the following discussibn.and so should perhaps be considered now. It
occurs in Table VI in the sense that the Carry-over of Treatment (1)
appears twice in Group I and not at all in Group IV. Now if for some
reason these Groups are inclined to give higher readinés than the other
Groupwv, the Carry-over of Treatment (1) wilt appear favorable. There is
nothing but good luck to distinguish such possible Group effects from

effects of Cérry—over. They are cgnfounded.

Carry-over in Youden Designs (c < t) - In Youden Designs, other than the

latin squares, where the number of Columns is less than the number of
Treatments, (c < t), it is difficult to discover the general nature of

Carry-~over in sco simple a way as frcm a latin square. There the

[ )
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confounding of Carry-over with Rows is triviél, so that the Carry-over
stands out, as in Table VIb, pretty plain. When, however, .c < t as

in Table II (¢ =Lk , t =7) , even the.calculation of direct Treatment
effects in the Youden is not immediately obvious. Certain Treatments and
certain Changes-~over occur in some Rows but not in others and if those
happen to be Rows with high values the Treatments or Changes-over, involved,
appear high at firgt glance. When c¢ < t , it is difficult, or impc - ble,
to demonstrate Carry-over in any rough but at all convincing way. It does
occur and can be demdnstrated by more involved analysis, as will be done
in Chapter VI. With Youdens, c¢ <t , it is possible, but generally im-
praéticable, to use a conditioning Period such as that shown for the

latin square of Table VI.

In case, Carry;dyer effects do occur in Youdens, c¢ < t , they can be
controlled to a largé extenf; we may at least reassure ourselves. that no
Trestment is repeatedly preceded by some other Treatment so that the direct
effect of the first is confounded with the Carry-over of the second. In a
Design such as that of Table IIa, Txhix7, plainly we cannot have
Treatment (2) preceded by every other Treatment because (2) occurs but four
times. The most we can ask is that (2) or any other given Treatment, shall
not be preceded by a given other Treatment moie than once. This was
achieved in the Design presented although the matter was not pointed out at
the time. There are two rewards fo: this arrangement. First, if we neglect
Carry-over, any possible tendency to obscure main Treatment effects will be

minimized. Seccndly, if we choose we can set up the necessary equations to

solve for Carry-over—--they will be considerable although, of course, far from




the almost impossible level that they would attain if we Just randomly
assigned Treatments to Groups. If we suppose that in the first Ccolumn,
there was common background Carry-over, the pattern of direct Treatment

and Carry-over is as follows:

Treatment
After | (1) (2) (3) (4) (5) (6) (7)

1 X X X '
2 X X X
3 X X x
4 x x X
5 x X X
6 x X X
T b4 X b4

Ccommon X X x X X X X

It can be seen that the appearancé of both types of effect, in themselves,
are regular and also in conjunction with each ofher are regular. Thus

is the isolation of the effects simplified and strengthened. All the Youden
squares usedain the present book are cohsiruéted when possible on this
principle of no repetition of Carry-over. It has been nécessafy to rewrite
the Designs given by the textbooks to achieve this. By so doing, not only
is the effect of Carry-over minimized but a good basis.has been laid to
estimate it by‘algebraic operation, 1f that be required.

The deéirability, or one might even say necessity, of controlling
Carry-over in experimental d=sign, bears on the question of balanced incom-
plete blocks, as discussed in Chapter T, in connection with TablevII. In
the little example given the.e of a balanced incomplefe block gotten by
random permutation within the Rows of a TxhxT YQudeq, we find, if we

ignore the first Column, which has perhap. some common backgrornd Carry-over,

the pattern of direct Treatment and Carry-over as follows:

o4
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After ¢D) (2) (3) ‘ () (5) | (6) l ()
(1) % ® ' ; x .
2) x x| |
(3) x ol ox b, x
(4) KX { !' p. o (
(5) | x y X ) l
(6) x x| l | :
) x | i ' |

It can be seen that the Carry-over is irregular. Thus it is plain that the
disposition of Treatments in Columns may be of some importance even in

balanced incomplete blocks. This.necessity bears on design of the type dis-

cussed in this book, where one must constantly wonder whether it i3 necessanf
to control the occurrence of Treatments according to Column, i.e., whether
Youden Designs are really necessary or whether balanced incomplete blocks
might not suffice. Such a question is inevitable if_éffect of Columns seems,
as 1t often does, tr{vial. The difficulty remains, ﬁgwever, that when the
procedure is by change-over, Carry-over will be confounded with Treatment.
The problem we are faced with is that even i1f Columns are not important iﬁ
themselves, the Change-over may amount to the same thing. So the balanqed
incomplete block cannct actually be employed freely and one might as well
use Youden Design anyhow. Then in the analysis the effect of Columné can be

ignored but Carry-over can still be considered.

Carry-over in paired comparisons - In paired comparisons, i.e., Changes-over

involving 2 Treatments per unit, carry-over effects may occur Jjust as in any

of the Designs discussed just previously. Carry-over may be simply allowed

for by controlling the Treatments that a given Treatment follows or it may

be estimated. An example of unrepeated Change-over is given in Table T
where it can be seen that no given Treatment is preceded twice by any other
Treatment. Shortly after that table there is given an example of testing
o A L o
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4 Treatments where the Design has not only unrepeated Charge-over but
balanced Change-over. A given Treatment is preceded by all other Treatments.
It may oe noted that if it is required to have a given Treatment preceded by
all other Treatments it is necessary to write 2CZ Rows for t , odd, the
same as for t , even. A conditioming Oth Period may be used or simply a
preceding Periocd of common background. The former_is illustrated later in
Table XXXVIII althoneh it is hard to work such things out; The latter (com-

mon background) is the more practical.

Contiguity problems - The previous discussion of Change—over where one designs

in l-space of a Row and time progresses to the ri ht is closely related to
the even more general and not uncommon problem of contiguity of Treatments, in
2—-space. This is somewhat outsidé the purpose of the present discussion but
may be touched on briefly here. Thus even in the élassic field of Agronomy
a Treatment may effect the response to another conﬁiguous to it.- Agronomy
is no proper part of our Husinesé,;so we muét leave this discussion as &
suggestion. One must wonder, however., whether in the classical agronomic
experiments contiguity may not have'scme.bearing, whether it has not.been
neglected and whether it should not be contfolléd. The wfiﬁer has clis‘~
cussed with Dr. W. J. Youden his work in this realmlhut there seems to 5e
no extensive literature on the subject.

The type of Design, discussed in the present work, that assures that no
Treatment is ever preéeded twice by any other given Treatment automatically
assures us also that no given Trea .¢ follows it twice. Hence no Treatment
has any other Tresiment beside it unduly. TFor work as in Agronomy , however,
it would be necessziry Lo consider neighbors in a second dimehsibn. By way of

a suggestion, an appropriace Lesign, with unrepeated Change-~over in Rows and

oL
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from Row to Row, can be written in the case of spacial latin squares. The
matter is discussed at more length in Chapter IV, in connection with the

topic of latin squares, t even. Here we may simply give the example of

a 6-treatment experiment, like that shown in Table VI, but with somewhat

different arrangement, i.e.,
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This is gotien, of course, by simply rearranging the Rows of Table VI.

Fere, of course, contigulty in both Rows and Columns iz well taken care of.
Any Treatment like (1) has any other Treatment (2) through (5) contiguous

in either a Row or Column 4 times. It may be of concern taat 20/36 of

the plots are edge.ilots. If so there might bm put buffer plots, judiciously
treated but not counted, about the Design as above. Perhaps we might

designate buffer plots by double parenthesization and write:

S

((1)) ((3)) ((2)) ((5)) ((6)) ((h))
((1)) (1) (3) (2) (5) (6) (L) {((k))
((3)) (3) (50 (%) (1) (2) (&) ((6,)
((2)) (2 ) (3) (6) (1) (5) ((5))
((5)) (5) (1) (6) (3) (&) (2) ((2))
((6)) (6) (2) (1) () (5 (33 ((3))
((8)) (W)  (6) (5) (2 (3) (1) ((1))

(W) ((6)) ((3)) ((2)) ((3)) ((1))

Now any Tréatment like (1) has every Treatment, including itself, conmtiguous
in either a Row or a Column % times.

Two positions, with regard to analysis, might be taken with such data,
just as they may be taken in handling change-over experiments. The more simple
position is to comfort oneself that insofar as contiguity is of importance, no
Treatment will be heavily confounded by the nrature of its neighbors. The

difficult position is to eliminate, if necessary, the effect of contiguity

Y
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from the estimates of effect of Treatmant and always eliminate it from the
estimates of residual variability. Such analysis could be easily enough
completed along lines indicated in the later chapters. Contiguity, pre-
sumably, would work not only in ©ro dimensions but so-to-speak, backwards

and forwards.
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The general problem of writing Youden designs - It should bhe realized that

while Table IT shows what Youden rectangles, txecxr, where r =t or = 2t ,
can exist, it does not necessarily prove they do exist. In fact the liter-
ature knows of two, as discussed later, that do not exist and a third such
case has been discovered, as in connection with Table X1V, in the course
of the present work. For some no Design of any kind has ever been submitted,
as was discussed in Chapter II, on exploration of the Youden field, and even
in this book no Desizn is submitted. Even granting the existence of a
Design in a general way for any particular case it may not exist subject to
the res“riction that no given Treatment is ever preceded (or for that matter
followed ) by any other Treatment more than once.
It seems good practice to write Designs, indicated as possible in
Table II, subject to the restriction that the Treatments in a Column are
arranged in cyclic order. This matter was illustrated in the Designs of
7x4x7 and TxkxT7 which were previously presented and discussed at some length.
To repeat the Design for the latter:
Column

Row 1 2 3 b

I (1) (2) () (7)

11 (2) (3) (5) (1)

IIT (3) (&) (6) (2)

(%) (5) (7) (3)
(5) (6) (1) (&)
VI (6) (7) (2) (5)
VII (7) (1) (3) (6)

<

The advantages of such Design, when it is possible, are many. In the first

place one may examine-the forward differences in Row I, i.e., 1, 2 and 3.

Y60



These containing no repetition, it follows that Treatment (1) can never be
followed twice by any other Treatment. From the relationship existing
between any two Rows, it follows that if Treatment (1) is never followed
twice by any other Treatment that the same kind of statement can be made
for (2), (3)e..(7). There are many theoretical advantages such as the fact
that the sequence of forward differences 1, 2 and 5 proves immediately that
the Design is Youden but on these let us not dwell. Rather let us consider
the enormous practical advantage of being able to hand such simple Design
to the unsophisticated man who must apply it in the fury of the clinic. To
its simplicity he can comply--let the reader examine some of the noncyelic
examples that follow and imagine himself applying them in either fury or
heat. Further let us remember the ease with which we can discover a misap-
plication of a Design in the present simple form; it can be done at a rapid
glance; it requires no elaborate proofing. The writer suspects that one of
the reasons that adequate experimental design has found as little applica-
tion as it seems to have found, is that it often seems too complex to
administer in practical situations.

Cyclic form is not only easy to proof and easy to manipulate but it is
easy to abbreviate. For instance, we may ébbreviate the case of TxWxT7, just

shown to

_ Txhx7 £ =2
Row I (1) (2) )77y
A 1 2 3

when it is understood that the Columns are, of course, written in cyclic
order, modulo t . Flrst forward differ ences, which may be useful, have

been added to the statement of Treatments in first Row. The f 11, which
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may be useful, has been noted against each Design. The other example,
previously employed, can be written much more cunningly and economically as
— (x3xT £ =1
Row I (1) (2) (k4)
A 1 2

This form saves a great deal of space. The forward differences, added,
reassure us that the Change-over is indeed unrepeated. They are also some
reassurance against copying errors. Double Youdens can be written in similar
abbreviated form. Thus we can write 5x2x10, f =1 , at length as:
Column
— e l’,”
Row I | (1) (
T | (2) |
IIT | (2) |
I (
(

v (k)
)

(
VI | (1) ¢
VIT | (2
VIII | (:

X | (

X1 (

o~ in abbreviated form we may write

0 5x%x2x10 £ = 1
Row I (1) (2)
- S
vi o (1) (&)

FaN 3

ne few multiple Youdens, g = 2 when c¢ = 2 with which we are concerned,

Yy be written in the abbreviated form:

Row I (1)  (2)
A 1

e
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The Designs, Jjust shown for Tx3x7 and TxhxT are cases where no Change-
over is repeated but they are not balanced in the sense that every Treat-
ment is preceded by every other Treatment. There are simply not enough
Columns. They are cases of the type that was recommended in Chap. III as
the best possible for distinguishing Carry-over from direct treatment effect.
In Designs with unrepeated Change-over at least no Treatment is ever preceded
(or for that matter followed) more than once by any other Treatment. The
Designs with balanced Change-over have every Treatment preceded once and
once only by all other Treatments, Let us turn at once to an example of
the latter, i.e., the double Youden, 9x5x18, f = 5 , as in Table VIT. It
can be seen there where every Treatment following (6) is, for the sake of
illustration, underlined, that (6) is followed by everything (except of
course, (6)). It is inevitable that no single Youden ¢ < t can be
balanced. There are ~t - 2 or fewer Changes-over so no Treatment can be
followed by all t - 1 other Treatments. Designs with balanced Change-
over seem very desirable. If one is working roughly one may comfort
oneself by ignoring any possible Carry-over saying that it will have little
or no effect on the judgment of treatment effects. If one is working more
exactly it is comparatively easy to eliminate arithmetically, or to estimate
arithmetically, the magnitude of such Carry-over. This matter is discussed
later in the section on analysis of results. Looking at the matter in
another way, unrepeated Change-over gives the maximum chance of separating
Carry-over from direct treatment effects. ;

For latin squares, it is possible to balance Chaﬁgee@ver in an
especial way by having them precedéd by a oth é@nditiénigg Period (or

Column), as in Table VI. Such a conditioning Period is possible for single
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»_balanced Change-over.

f=5, illustratin

9x5x18,

. A double Youden
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or multiple Youdens, but is unprofitable since balance of this especial
character remains unachieved.

The following sections lisgt various single Youden Designs, t x c x t,
¢ <t , for purposes of listing subdivided into kinds essentially classified
according to the ease of their writing but also bearing some correspondence
to their utility. The range of Designs covered in these tables is, arbitrarily,

22t g 36 and 2 g c g 18 . Over this rwuge Designs are shown wherever

S

possible. There are commonly many more Designs for a given t x e x r
situation than the one shown in the f@ll@wing:tables, In some cases 1t is
impossible, with exhaustive seaxrch, te find s Designg;and this is reported.
Finally, there are some Designs which are still unformed for lack of time.
The Designs shown in the following tables were found to some extent
in the literature--essentially from Cochran and Cox (1957) who give an
extensive table of actual Designs of single Youdens of the type to which
we have restricted ourselves. They make little distinction between cyeclic
and non-cyclic Designs although some are of each type. Also, some of their
non-cyclic Designs can easily be put in ecyelic order. An extensive table
of balanced incomplete blocks is given by Fisher and Yates (1957). Such
is the correspondence between these and Youdens that some Youdens can be
extracted. They point out that scme Designs can be written in cyclie form.
They do not allude to the utility of this feature; Cox (1958) stresses the
usefulness of cyclic Designs. None of these sources was anywise concerned
about Change-over or any other form of contiguity. One finds in the litera-
ture, indeed, many Designs where a given Treatment is preceded in all cases
by some other one Treatment, zo that a given Carry-over must be completely
confounded with some gilven Treatment effect. All the Designs that could be

‘ 65
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adopted required rearrangement, particularly with regard to unrepcated
Change-over. It was necessary indeed to work out most of the following
Designs. They were found principally by varlous devices which will not
be discussed here¥ because they would surely not forward the business of
this book which is to Tacilitate the application of such Designs.

It should perhaps be mentioned, in a cautioﬁary way, that the experi-
mental Designs to be indicated shortly, and all through the present boock
are not to be subjected %o any randomization. This has to be mentioned
because randomization is sc commonly recommended that some innocent may
take it for granted. Randomization, beyond perhaps the ordering of the
experimental units (Men, Machines or whatever ) would be of no use in the
Designs proposed. As was discussed in Chapter III, randomization within
~the Rows of the present Designs will turn them into balanced incomplete
blocks which ﬁill probably be appropriate if one is doing agronomic work
but will be highly inappropriate for change-over experiments. Some people
may be uneasy at the set and systematic nature of our Designs. They may
be concerned that successive experiments may, in some way, be correlated.
Such uneasiness may be allayed by their assigning Treatment numbers randomly,.

Thé Youden Designs c¢ < t recommended themselves to us, as at the
beginning of this book, because we could get work done quickly. By employing
many participants one could form opinions on t Treatments in less than
t Pericds. There is, of course, a limit to such economy because, from

Equ. (4), if £ > 1 ,

¥*Beall, G. & J. J. Perris. On discovering Youden rectangles with

Columns of Treatments in cyclic order. Research Bulletin 71-37. Princeton,

J.: Educational Testing Service, 1971.

-
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for singie Youdens. Similarly, for double Youdens,

c > Vt/2 . ‘ (6)

It should be noted that in the present change-over Y»suden rectangles
and latin squares, as in such Designs more generally, each Treatment
occurs once, and once only, ih each Period. Thus are the effects of
Treatment freed from any systematic additive effect of Periocds. In thke
literature, particularly of Animal Husbandry, one may find muech concern
as to wheﬁher such effects of Treatment aré systematic. Thus it may be
asked what is the pattern of>lactaticn of a cow with time. BSuch enquiry

may be very important but is in the present book avoided; here the

He

concentration is on the restricted guestion of what does Treatment do.

The larger question afsinvéstigatiﬁg the entire system requires a famil-

jarity with more general statistical theory.

Latin squares, t even - It is desirable to have latin squares t x t x t ,

t even, with the usual property of each Treatment once and once only in

each Row and in each Column. For present purposes they should additionally
" have Treatments in Columns in cyclic order (mod. t ). They should also

have unrepeated Changé—pver, i.e., no Treatment to be preceded by any octher

Treatment more than once. For a latin square the last condition actually

means automatically balanced Change-over, i.e., each Treatment to be

t

e
e

preceded by all other Treatments. To indicate the nature of a Design
is, of course, sufficient, as discussed previously, to writs the first

Row. For that matterg'in order to set up the Deéigng it is sufficient to
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investigate the first Row. Thus if one wants to write a latin square of
the present type for 4 Treatments, i.e., bxlail with £ill, f = L4 , a suit-

able Design is

Row 1 2 3 i
@@

I (2) (3) (1

TIT (3) (%) (2

v (&) (1) (3

It is, however, sufficient to write

Yachysely £f =1L
Row I @ & 3
A 1 2 3

Bradley (1558) has provided a method for designing latin squares with
unrepeated Change-over, for t even. His specifications for filling the
Tirst Row are as follows. Assign successively the integers from 1 to t
to the t cells in the first Row by proceeding from left to right entering
only cells in odd-numbered Columns, then reversing direction fill
cells in even-numbered Columns. Then complete the Columns in cyelic

order, modulo t . Thus for 8x8x8 one gets the Design,

Row I (1) (8) (2) (7) (3) (6) (4) (5)
A 7T 2 5 L 3 6 1

As he observes, while the Period immediately preceding Treatment t can
be occupied but once by any other Treatment, the one before that is occupied
by only two Treatments, Specifically, for Treatment (k) +these are

Treatments (k - 1) and (k + 1) . This is =omewhat undesirable if there

is any tendency towards 2-period Carry-over.

O
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It r~ems worthwhile to write Designs free, as far as possible, from

e e e —

this shortcoming in the period preceding, but one, a given Treatment.

Such designs for latin squares, are shown in Table VIII. Every Treat-

ment is followed once and once only by every other Treatment. This is
accomplisned by writing the Treétments in the first Row so that no forward
difference is repeated. Designs of this kind have been found for all cases
of 1t ,even,that have been at all extensively examined. There is only one
solution for +t = 2 . two solutions for t = L , while there are four solutions
for t =6 and increasingly large numbers of solutions as t 1increases.
In Table VIII, there is shown only one Design for each value of t . It
was chosen so that Periods previous to that immediately antecedent contained
as little as possible the same Treatments. In the Designs given for 6x6x6,
10x10x10, 12xl2xle, 16x16x16 and 18x18x18 no Treatment is repeated two
Peri@%s previous, nor for that matter, three ov four or whatever previous.
It will be noted that the numbers 6, 10, etc., are all one less than a
prime number. The quality of the Designs seems to be related to the matter
discussed in connection with Table IX. For 8x8x8, there exists, by exhaus-
tive examination, no Design where the Treatment two weeks previous is
unrepeated, so that the Design of Table VIIT is the best that can be done.
It is improbable that there is such a settlement for 1A£l4x14 so that
given in Table VIIT is as good as pQSSiblé;' These solutions are not 4diffi-
cult to find* even as t Tbecomes gréat§73@ that Table VIII could be much

extended if anyone wanted larger latin squares of this type.

*Beall, G. On writing latin squares with unrepeated Change-over.

Educational Testing Service, Princeton, N. J..(in.process 1971).
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Table VITI - Designs ior lavin squares, t even, with Columns cyclic

__2x2x2 f = 2% _Bahxh £ = b bxbx6 £ =6 -

Row I (1) (2) I (1) (2) (&) (3) I (1) (3) (2) (5) (6) (L)
A 1 A 1. 2 3 A 5 3 1 i
8x8x8 f=8 B 10x10x10 f

= 10
(8) () (7) (6)
8 -

Row I (1) (2) (&) (7) (3) (8) (6) (5) I (1) (2) (9) (3) (5) (10)
A 1 2 3 L4 5 6 A 1 7 4 2 5 6 3 9
- 7 12x12x12 7 f = '
Row I (1) (2) (5) (3) (10) (6) (12) (k&) (9) (11) (8) (7)
A 1 3 10 7 8 6 L4 5 2 9 11
Il o= 1k

Row I (1) (4) (5) (5) (9) (l”) (5) (15)'(‘§'(E§‘(12) (lD) (ll) (8)

16x16x16 £=16

Row I (1)412) (4) (7) (li) (lé) (6) (13) (5) (14) @®) (3) (153) (32) (lO) (9)
9 10 11 12 13 1k

18x18x18 f =18
Row t (1)‘127‘(1A) (5)‘?17‘ (I5) (7) (&) (9) (18) (15) (16) (6) (8) (12) (5) fll) (1@)
1 i 16 10 15 5 9 3 y 11 6 1
32x32x 352 f = 32

Row I (1) (2) (4) () (ll) (lé) (29) (29) (5) (14) (e4) (3) (15) (25) (I0) 125) (9)
3 9 10 11 12 13 14 15 16

contin. Row I (26) (12) (3L) (19) (8) (30) (21) (15) (5) 32) (27) (g?) Cg@j'(igj’(;75
contin. A 17 18 19 20 21 22 23 26" 27 ol 29 30" 31

*For the Design of 2x2x2, no satisfactory analysis can be made with
estimation of both direct treatment effects and Carry-over. The matter is

discussed at length in Chap. V.
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The latin squares where t 1is a power of 2 are particularly easy to
write in cyeclic column form. Thus we have for Uxlxh the Design as in
Table VIII and one other solution. For t =8 , i.e., 8x8x8 the solution
as shown and other solutions. For 16x16x16 one can write, as can be seen,
a Design with forward differences of 1, 2, 5, etc. through 15. For 32x32x32
one can again write this kind of Design, where the forward differences stand
in arithmetic series. All this is convenient, in aﬁ least a small way,
because Designs involving the powers of 2 are very popular in some circles

I

and one may accordingly easily be called upon to evaluate 2 kinds of

treatments. For Designs of this kind there sometimes appears a given Treab-
ment twice at the Period two Wééks previous to another given Treatment but
this may be somewhat better than the proposal of Bradley (1958), as previously.
For squares with t + 1 prime there is a second type of Design where
the Columns are not in eyclic order but which is worthy of mention nonethe-
léss. It is illustrated ianabie IX. It iﬁvclvesrgansfant forward differ-
ences in a given Row, modulo t + 1 , where t 1is the order of the square
and different forward differencés.in each Row. Thus for Lxbxk, the forward
differences in the first Row are 1, in the second Row 2 ete. The Designs of
the type in Table IX do have the advantage that they can be very rapidly
found, Wﬁereas those of Table VIII require a little searching. So if one
wanted to gagbéycna the latter, it is fairly obvious how Designs might be
written for t = 22, 28, 30 etec. In the Designs of Table IX no Treatment
is repeated two Pericds‘préviaus ta,a.given Trestment, nor fc:r_that.matter3
three or four or whatever previous. A similar result is obtained by Alimena
(1962), again for + + 1 prime, but by what seem more involved and difficult

methods. He refers to the Designs as "perfectly counterbalanced latin squares."
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Table IX - Typical Designs for labin squares, t + 1 prime

dxdxd f =4
Column
Row} 1 2 -
1 (1) (2) (3) (4)
1] () (&) (1) (3)
Tt (3) (1) (4) ()
v (a) (3) (2) (1)
6x6%6 f=6
Colurm
Row 1 2 3 4 5 __ 6
I (1) (=) (3) (&) (5) (6)
11} (2) (&) (s8) (1) (3) (5)
1| (3) (6) (2) (8) (1) (4
wl (a) (1) (8) (2) (8) (3)
v| (5) (3) (1) "~ (s) (4) (2
vil (6} (5) (4) (3) (2) (1)

- 10x1Cx1l0 £ = 10

-
(&

Column
Row | 1 2 3 4 65 __ 6 7 .8 9
I 1y (2 (&) (a) (&) (&) (7) (8 (9)
Il (2) (4% {6) (8) (10) (1) (8) (8 (1) ¢
111 (3) (8) (9) (1) ‘ay (m) (o) (&) (6 ¢
w | (&) () (1) (s). (o) (&) (6) (107 (&p
vl ofe) (1) (&) (9) (8y (8) (2) (7)) (L)
vi |58 ) () (=) (&) (8) {9) (ay {10}
vit § (75 (3 (w0) (8) (2) (9) (s) (1) (8)
VITI (o) (57 (2y  (10) (7) (4) (v (o) (&)
% {1 (9 (7) (5) (8) (1) (1) (8) (8) {4)
x 1 (10) (9) (&) (7) (e) (8) (a) (& (@)
O
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Tt will, of course, be realized that the Designs of Table IX are gquite
difficult to assign to the unsophisticated person, previously invoked, who
may have to apply them in the clinic. He will pr@bably botch somewhere and
we shall be lucky if we notice that. If possible, give him a cyclic Design.

The difference in type from Table VIII of Table IX is, however, not
substantial, because the Designs of that table may be transmuted into cyclic-
column form. Thus in the case of the Lxlxk, if one call Treatment (4),
Treatment (3) and vice versa and similarl, interchange the names of rows
IIT and IV, it becomes the | |

Row I (1) (2) (%) (3)

A 1 = 3

of Table X. By the interchanges

(5
(6

P,
£ O
N

(3 ) -
(: ) >
(:

1% mw
S et gt

2) -
3)
) -

Y o¥ ¥

e
JF'WP‘J

and appropriate Row renaming the 6x6x6 of Table IX becomes

Row I (1) (3) (2) (5) (6) (M)

A 2 5 3 1 L

The 10x10x10 is very easily so transmuted. Obviously, these cases with
t + 1 prime when the background of previous Treatments 1s totally ﬁnrepeatéi
will give rise by such transmutation into cyclic Designs with the same
quality. Such Designs were mentioned in connection with Table VIII.

The Designs of Table IX have contiguity balanced in 2-space. This has
been previously -indicated in Chap. II, which introduced the matter of Carry-
over. On the other hand, those of Table VIII have contigulty confounded

with Treatment in 2-space. It is, however, also possible to control
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2.dimensional contiguity in the Designs from Table VIII, by rearranging
Rows. One is governed by the order in which the Treatments appear in the
first Row and must rearrange the Rows so that the Treatments in the first

Column appear in the same order. Thus given the 6x6x6, one might write

kLl

By
[
=

L L L A S L |

Row A 2

I
IT
ITT
Iv
v
VI

= O I W
L g W
W LS oY |

(
(
(
(
(
q,

FRw\a

Ll N N T
T ‘
Wi Ol BTG
—— T A~
O
et at® St N N
N S I
— — — P~ S,
VIV B LT g
L R i

Such working from Table VIII makes Designs for +t + 1 , not prime, possible,
whereas Table IX suffers from that limitation.

Ir setting up latin squares it is always theoretically possible,
‘generally desirable Eut commonly impolitic for +t > 2 +to precede the
general Design by a conditioning Column (or Period). This is conceived as
a Period when various Treatments are administered or Materials are tried,
according tc appropriate plan, in order to introduce as conveniently as
possible the Carry-over effects that may be in the experiment. The analysis
will be discussed later. From the point of view of designing the matter is
very simple--the program that could otherwise be the first Column is admin-
istered beforehand. In the illustrative Designs below, the indication is
the double-bracketed Treatments are for conditioning, i.e., for the sake of
subsequent Carry-over. No experimental results would be recorded for these
Periods. Thus for the two kinds of 6x6x6 Designs one might alternatively,

write:
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Golumn
Row 0o |11 2 3 4 5 6
I (In @ (2 6y (3) (5 (4)
I ((2))1 (2 (3) () (4) (6) (5)
111 (31 (3) (4) (=2) (5 (1) (6)
Iv ((&)) 1 (&)  (5) (3) (6) (2) (1)
v ((5))] (5) (6) (4) (1) (3) (2)
VI (6Nt (1) (5 (2) (4 (3)

or

| Column
Row ) 11 2 3 L 5 6
I (L)1) (2) (3) (4) (5) (6)
I ((2)) | (2)  (4) (6) (1) (3) (5)
IIT ((3))[(3) (6) (2) (5) (1) (4)
v (AN 1 (&) (1) (5) (2) (6) (3)
v ((52)1(5) (3) (1) (6) (&) (2)
vi ot ()] (6) (5 (& (3) (2) (1)

Paired latin squares, 2(txtxt), t odd ~ Designs for paired latin

squares, 2(txtxt), are shown in Table X. It is necessary to write these
later squares in this form because it is impossible ta use the more gsimple
form of txtxt, with Columns cyclic and no repetition of Change-over, as

vwhen t was even. In the case of 5x5x5, for instance; it is, of course,
easy enough to write a latin square with cyclic Columns and al; latin squares

are Youden. It is, however, impossible to avoid repetition of Change-over,

go that in the sense of the present discussion, it is impossible to write a
Youden Design. If one ‘thinks of writing Designs in the. form of Table VIII,
i.e., of the first Row of treatment numbers and the forward differences of
thése treatment numbers, then iﬁ is impossible to write the Treatments from
(1) through () in any order such that at least one forward difference will
not be repeated. The theory of the matter has been discussed by Houston
(1966). It is p@ssibieg however, to write 2 such latin squares where the

forward difference repeated in one is omitted in the other and vice versa.
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Th

© Table X - Designs for paired latin squares, 2(txtxt) with cyclic gcolwnns

zand balanced Change-over.

2(3x3x3) f=6 __2(5x5x5)  £=10 e 2(7xTx])  f=14

Row I (1) (2) (3 1 (1) @ (4) 3) cS) T M @) ca) <7> (%) <3> ()
—b_ 11 A 4 a : 6 2
W1 (3) () T o (5) (3) @) (z) I1(1) (7) (a) c2> (3) (6) <4)
A 2 2 3 1 ,g
J2(9%9x9) f=18

1) (2) (5) (9) (7) (4) 63) (5) (5)

I

A
X ) (9) (6) (2) (4) (7) (3) (3) (5)
A

| 4
. 2(11x1lx1l) . . f=22
T (1) (9) 3) (10) (30 @ @ () ) 6y (1)
A S “ 4 10 9 1 S

X11 (1) (é (10) (3) (11) @ Gy ) &) (D (D
TaN 3 6 .4 8 9 7 1 2 10 6

o 2(13x13x13) ; £=26
Row 1 0@ (é) (7) (11) (6) (IZ) (8) (13) (10) (9 ) )
A 1 9 5 10 12 7 2
- XIV (1) (13) (11) (8) (4) (9) (3) 7y (2) (5) (6) (17) (10)
A 12 11 9 5 A 3 6 11
o . 2(15x15x15 ) C ga30
Row I (1) (2) (&) (7y (1) (6) (12) (8) (15) (9) 14y (13) (10) (3) (5)
b 1 2 3 4 10 6 B 5 14 12 8 2
VI (1) (15) (13) (10) (6) (11) (q) (9) (2) (8) 3y (é) (7y 16y (12)
A 14 13 12 11 5 9 8 6 10 3 7 13
. 2(17x17x17) | ' £=34
Row 1 (1) (7) (4) (7) (L1) (16) (5) (14) (8) a7y (13) (12) (9 (15) (i0) 3) (5)
A 3 4 5 9 13 16 4. 6 12 10 2
XVIIT (1) (17) (13) (12) (3) (3) (13) (5) (ll) () (5) (7) (10) (&) (9 (16) (i4)
A 16 15 14 13 12 10 9 6 8 4 1 3 11 5 7 15
gg;sxlsxls) 38

Row 1 (1)(2)(4)(7)(11)(15)(5)(12)(19)(15)( 9)(17)(14)(15)( 8)(18)(10)( '3)(5)
1 2 3 4 15 8 16 18 14 10 11 12 2

o xz (1)(l9)(17)(14)(10)( 5)(13)( 9)( 2)(6)(12)( 4)(7)(8)(13)(3)(11)(15)(15\

18 17 16 15 14 10 13 12 4 6 11 3 1 8 7 17
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Accordingly, one gets a total Design where evefy Change-over occurs twice.
A list of such Designs is shown in Table X. The claims made for these
Designe are illustrated in Table XI for the case of 2(5x5x5), T = 1@ .
It is hardly neéessafy to draw up the comparison table bacause obviously
any such Treatment as (1) is compared once with every other Treatment
in each Row and there are 10 such Rows. The question of what Treatments
follow what may be of some interest and so the matter is taﬁ;ei.

For the paired latin squares, as previousiy for the single latin squares,
t even, it is probable that one might introduce a preliminary ¢onditicning

Period or Column for the sake of Carry-over.

Yates rectangles, t x (t - 1) xt - Designs for Yates rectangles

tx (t~-1)x1t, t even or odd, are shown in Table XII. It is possible
always to write Yatés.rectangles with Treatments in cyelic order in
Columns and with unrepeated ChangEaévET. Their presentati@ﬁ in Table XII
is similar to that of the latin squares in Table VIII, i;e.g the Treatments
of the lst Row and their forward differénces are shown. | |

As has been previously pointed out in connection Wifh the Design of
Youdens, generally speaking when t <236, ¢ <t - 1, is even one gats
few single Youden afrangements and no dguble;vwhergas for t odd, and of
the same magnitude, c < ¢ - 1 , there are many single aﬁd double Youdens.
In the related field of balanced Carry-over létin squares c¢ =t , the situa-
tion ie in a senseé éppésiﬁe; thé;squgres’with: t even can Qe written with
Changes@vef Well=balaﬁcéd'bgt the squaresiwith t 'édd caﬁﬂét be written with
satisfactory Chaﬂge—évér; we have to use the device of paired latin squares,
as discussed previously. The happiest class of designs are the Yates

rectangles, ¢ =t - 1 , which can always be written just as we want them.
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Table XI' — The character of paired latin squares illustrated in the case of

a. Design, as from Table X, in full

Column

Row

3
(4)
(5)
(1)
(2)
_(3)
- (3)
(4)
(5)
(1)
(2)

1
&)

11 (2).

IIT (3)
IV (4)

v L (5)
VI (1)
Vil (2)
VIII (3)

IX (4)

P 0 e o s N
W N RS o e ol
ﬁ‘ﬁﬁﬁﬂ‘ﬁ‘f\uhl‘\‘ﬂ

o Bl DOP- W W o on

- : : ; . . 1

Treatment

After | (1)  (2) _ (3) (4)  (5)
(1) xx XX
(2)
(3)

XX
XX b
(4) xx plo'd XX xx
XX
XX

()
Bk.Gr.
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Table XII. Designs for rates rectangles.

6

_ 3xex3 f=1% _ hx3xl f=0%% 5xbx5 f£=3 6x5x6 =L
Row I (1) (2) T (1) (3) (h) I (1) (5) (3) (W) T (1) (3) (2) (5)
A 1 A 2 A b 3 1 A 2 5 3
7x6x7 £=5
Row 1 (1) (2) (4) (7) (6) (3)
'iA . 1 s
8x7x8 £=6 ‘ ~ 9xfx9 f=7
g?aw T () (*?) (4) (7) (3) (3) () A’w i 3] (2-) (5) (?) (7) (4) @) (8)
A .

8

.

10x9x10 f=8 , N
Fov T (D (D (9) (3) (5)(10) (3) (W) (T)-
A 1 b 2 5 3 6 _ 3
12x11x12 =11
Row T (1) (2) (5) (3) (10) 16) (12) (1) (9) (11) (8)
A 1 3 10 7 8 6 4 5 2 9
13x12x13 o f=11 -
Row 1 (l)(?—)(4)(/)(1l)(&)(l")(i)cli)(lﬂ)('9)(3)
A |
o Lox13xld L gy
Row 1 (1) @Gy (3) (5) (9) (14) (5) (Ii} 67) (") (1zy 0y 1) -
N 3 1372 b 9 10 12 1
1sx14x15§”,?”7;_ﬂiﬂ1%% £=13.

Row T IO G (D QD @ (1 (6 (13) ¢9) T {TH TN G)
a 1 2 3 410 61 "7 9 5 14 12 8

15315116 . ‘ fmll

Row 1 (1) (D) (a) @ QL (16 (&) (13) ® <1A> @ B) a5 D aoy
] 6 9 10 11 12 13 14

I 1 3 4
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16x15x16 ) B I =14 - o
Row I (L) (7) (1%) (13) (2) (&) (16) (3) (11) (8) (12) (10) (5) (6) (15)
A 6 T 15 5 2 12 3 8 13 L 1L 11 1 9
17x15x17 i £=15

T 1 (LW(i)(#Q(?)(xl)(lé)(Ek(lf)(S)(11)(13)(12)(9)(15)(H?)(3)

A 811 9 13 1614 6 1210
A .x P -
) 18x17x18 N = 16 o S _
Row I (1) (2)(1) (3) (17) (15) (7) (3 (9) (28) (13) (16) (6) (8) (12) (5) (11
A 1 12 7 14 16 10 15 5 9 13 3 8 2 Lo11 6
19x18x19 e =17
j g 15 (15) (9) (17) (Ak) (13) (8) (18) (10) (3)
. i S (i) (g) (g) (1i) (lg) (9) (12) ( ? 15 13 8 16 18 14 10 11 12

¥The Design, 3x2x3 cannot be used to estimate Carry-over. It is advisable
to use the paired Design

Row I (1) (2)

A1
Iv (1) (3)
A 2

See Table XXXII for example.

*¥X¥The Design, 4x3xh; will yield estimates of direct Trestment and Carry-
over but provide no test of significance without repetition.

S R T T B e
B T



They are of particular importance in the case of t odd, for which the
paired latin squares are necessary, if latin squares one would have in

the present connection. Considerable difficulty arises, as in connection
with Table X with this. Most of the advantages of the latin square can be
obtained from a Yates rectangle with less difficulty in design and applica-
tion. In a sense the Yates rectangle may play the role of the latin square
when +t is odd and might profitably be used far more frequently than seems
the case.

From the comparison of Tables VIIIT and XII, plainly for t , even, the
vates is gotten by dropping the last Column of a latin square and this approach
may be usefuilf extended to Designs of the type shown in Table IX. Thus
if you should want the Youden, 22x21%x22, one could follow the general line

of the latter table and then drop the last Column.

Single Youdens where c=(t11)/2 - An extremely useful class of single Youdens

is that where the number c of Coluftins is about half the numbecr of the Treat-
ments. This may, perhaps, be thought of as central Youdens in the sense that
o is about half-way between its finimum of 2 and the critical point of © ,
i.e., the latin square. It takes @bout half the time, i.e., number of Columns
that is required for s latin square or Yates rectangle. These Designs,

shown in Table XIII have unre;eéted«Change—Over and Treatments in cyelic

order in the Columns. In these Designs, obviously, t =14m -1 , m being
the successive integers starting with unity. The >x2x5 already shown in
Table XIT is, of course, omitted. For all members of the series t <31 ,
Designe were found except for 27x13x27 (and complementary 27x14x27 ) for which,
by exhaustive exploration, none exist. In the case of prime numbers, t =

Ybm -1 (m>0 an integer) it is pretty plain, from the cases where t =43
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and t = 47 , how things probably go if one should want to go beyond the list
shown in Table XIII.

For these Youden rectangles, and for those in the immediately following
section, it is impossible to é@ntf@l 2-space contiguity in the way possible
for latin squares, t even, as previously discussed. This is impossible,
because the it was necessary to rearrange Rows so that the downward
differences were never'répéatéd and that is impossible when t 1is necessarily
odd. This impossibility is the same as that of arraﬁging 1atin squares,
with t odd, so that forward differences are never repeated.

Single Youdens where f = 1 - There has been found one other class of single

Youdens that may be written in cyclic Columns with unrepeated Change-over,
to wit, those where f =1 , i.e.,

e = (1 + /4t - 3)/2

They are extremely useful because the ¢ 1s necessarily quite small, of
magnitude vt , and so if Columns are time the work can be done very quickly.
but have been presented in earlier tables. The 3 Designs 13xUx13 etc.,

found, are presented in Table XIV. Together with each Design, where txcx t

gives f = 1 , there exists a complementary with t x (t - c¢) x t . It may be

%- found readily enough but is generally not of much use because t - ¢ is too

close to t . The Design, 43x7xk3, would be expected in Table XIV but it

cannot¥* be written in any way, cyclic or non-cyclic. The next highest member

¥Beall, G. A balanced incomplete block which might be expected but does
not exist and other members of its respectable family. Educational

Testing Service, Princeton, N. J. (in process . 1971).
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Table: XIII- Designs vhere c=(t+l)/2

7x3x 7 f=1 » Tr4x]  f£=2 - _11x5x11  f=D
Pow 1 () (2) (&) Reos 1 (1) (2) (&) ) Pow - I N @ @& O an
1 2 A 1 .2 3 1 2 3 4
11xhx1l  f= 3 15x7%15 =3

Row 1 (1)(2)(*)(7)(11)(3) L’ Row T (1) (2) Gy (3) () (6 (117
A A 1 313 612 5

15%Fx15 f= &4 19%9x19 . f=4

Pour 1 (1)(7)(l°>\8)(15)(3)(5)(63 © Rew T @) @) (D)8 (3 (10)(18)
A 6 511 7 3 2 1 | A 1 23 4 5 6 1 8
) "19%10x19 . f=5 B
Rw T (G Gy 1&)(3)(10) (18) (%)
A 1 2 3 4 5 6 7.8 9
] L 23x31x23  f=5
Row I (4) (1) (4) Y (1) (lu) (22) (6) 16y (23) (10)
A 1 2 3 A 5 6 7 8 9 10
- P3x12x23 £=(
SR Ty L« (43 V(D (A1) (1s) =) (B) (4 (22) (16) (21)
b 1. 2 3 4 5 6 7 8 g 1w 11
. 31x15x31 T £a1
Row I (1) @) t#% (75 Wy (18) (22) @D ©é) a5 @& & 07 @6 1
£ . 12 4 5 6 7 = 9 10 il Lz i3 14
31x16x31 |
kRov 1 (1) @) (P (7 () (I6) @2) @) (E) 5 @ @ U @o; (13 @6

A 1 2 3 4 5. 6 1 8§ 9 10 11 12 LTI &

43x21x43 ul(

Row 1 (1)(27(47(7)(11)(16)(82)(2é71375?5)(15)(é4>(5671 6)(20) (35)( 8)(25)(46)(19)(39>
8 2 10 11 12 13 14 15 16 17 18 19 20

43x22x43

full

Row 1 (1)(3)(4)(?7(11)(16)(22)(29)(37)(3)(13)(34)(36)( 6)(20) (5-)( 8)(25)(43)(19)(39)(17
: A 1 2 3 4 6 7 8 9 10 11 12 18 14 1i 16 17 18 19 20 21
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Table XTIV - Single Youdens where fill, f =1

_ 15xhx13
Row I (1) (5) (6) (8)
A y 1 2

rRow I (1) (2) (5) (7)
A 1 3 =2

. - 21x5x2l ]
Row I (1) (%) (5) (10) (12)
A 3 1 5 2
o Iw6x3l
Row I (1) (2) (5) (11) (13) (18)
A 1 3 6 2 .5
Row I (1) (2) (&) (9) (15) (19)
A 1 2 5 Y 6

Row I (1) (2) (5) (7) (14) (22)
A 1 3 2 8

7 7

57x8x57

: Row i (1) (8) (11) (17) (19) (51) (52) (35)
! A 12x9x7

Row i (1) Tf) (ll) (25) (25) (39) (37) (43) (45)

91x10%91
Row I (1) (97 (7) (Ll) (94) (27) (55) (EE) (fh) (56)

, 133x12x133 i
Row I (1) (26) (30) (39) (49) (56) (67) (83) (88) (89) (91) (103)
A 25 i 9 10 7 11 16 5 1 2 12

8o
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of the series, 11lx11x111, has not been found in extensive, but not exhaustive,
exploration;.there is some reason to supposz that no Design exists. The
series might be profitably extended to deal with problems usually of prelimin-
ary character, where a very great many Treatments must be explored.

With regard to the writing of complementary Designs the practice may be
briefly stated. Given a Design t x ¢ x t , then complete each of the &
Rows by the t - ¢ Treatments that it lacks. In this way there will be pro-
duced the balanced incomplete block pattern for +t - ¢ Treatments. Rearrange
these by permutations within Rows so that each Treatment occurs once and once
only within each Column. The condition that a given Treatment be preceded not

more than once by any other given Treatment may be added.

suggested by Table IV remain unwritten with the Treatments cyclic in the
C@lumﬂs; let alone written with unrepeated Change-over. They are a mis-—

cellaneous éssembly where e #t, ec#t-1, c# (t +1)/2 and

f #1 . There are situations where a single Youden, such as 16x6x16,

f =2 , may exist, but éann@t be written in cyclic form. This particular
Desgign caﬁ; however, be Written:innonﬁcyclic form with unrepeated Change-
over, as below in Table XV.

In the series of single Youdens with £ = 2 , 2x2x2, bx3xh, 7xbx] and
11x5x11 belong, of course, to earlier series and for eaeh of them a Youder,
Design with cyclic Columns and unrepeated Change-over has been shown. For
the next member of the class, otherwise, i.e., 16x6x16, there is no éyclic
arrangement; this by exhaustive exploration. For this fairly common and very

useful situation, there has been found a Youden, as shown in Table XV, with

8¢
ay
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Table XV .~ Non-cvelic Youdens with unrepeated Change-over, i.e., 16x6x16.

a._ Design
Column
Row | 1 2 3 4 5 6
I (8) (9) (1) (x3) (6) (T)
II (5) (10) (2) (%) (1) (8)
11T | (6) (11) (3) (15) (8) (5)
Iv (7) (12) (%) (16) (5) (6)
v () (13) (5) (9) (2) (3)
V1 (1) (1) (6) (10) (3) (4)
vII | (2) (15) (1) (11) (%) (1)
VIII| (3) (16) (8) (12) (1) (2)
Ix [(16) (1) (9) (=) (1) (15),
X (13) (2) (10) ‘o) (15) (16)
XTI |(ak) (3) (11) .7) (16) (13)
XIT {(15) (%) (12) “8) (13) (14)
XI11|(12) (5) (13) (1) (20) (11)
XIv | (9) (6) (14) (2) (11) (12)
v |(1o0) (7) (15) (3) (12) (9)
XvI {(11) (8) (16) (&) (9) (10)
S Followed by
Treatment | (1) (2) (3) (&) (5) (6) (1) (8) (9)(20)(21
(1) x - x x _ x x
(2) x : X X x %
(3) x S ox X x X
(k) b 4 x X X - x
(5) x x X x x
(6) x X X X X
(1) X X x X X
(8) X X XX x
(9) | x x X X x
(10) S xox o x X X
(11) x % X X x
(12) x = X X X x
(13) X X X X x
(k) X x x X x
(15) X x x X x
(16) x X 0x x x

Full Tt Provided by ERIC.
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non-cyclic Columns but with unrepeated Change-over. This Design is Youden
in that it double-fills the comparison table. It does have unrepeated
Change-over as may be seen in vag This is the type of Design shown by
Fisher and Yates (1967), except that, of course, they have no concern with
Carry-over. For the next two potential members of the series, 22x7x22 and
20x8x29, there exist no Designs, as are previéusly’thg case for UixTxh3,

f =1 , according to Hussain (1945 and 1946).. Curiously enough, there is

for the next member a cyclic arrangement.

37x9x37 f=2
Row I (1) (2) (&) (8) (18) (25) (30) (36) (26)
A 1 2 4% 10 T 5 6 27

In the series of single Iouiens with £ = 3 , 3x3x3, 5xb4x5, 11x6x1l and
15x7x15 belong, of ccﬁrse, to earlier series and for each of them a Youden
Design with cyelic Columns and unrepeated Change-over has been shown. For
the case of 25x9x25, there is by exhaustive examination no such arrangement.

Also probably for 31x10x31, £ =5 ;lthere is no such arrangement. For the

moment, a Design for 25x9x25, f = 3 , taken from Cochran and Cox (1957 ) with,
however, repeated Change-over, and similarly one for 31x10x31, f = 3, from
the statistical handbock of the Chemical Rubber Co., with the same short-
coming, are shown in Table XVI. Frobably it is just a matter of the necessary
effort to rewrite each with unrepeated Change-over.

The situafion seems tuch the same for the series where f=l, i.e., bxlxh,
;5x83153 3hx12x34 etec. The first 2 members belong to earlier series and
have been shown. No cyclic-column Design was found for 34x12x34, f=l, although

the matter was not explored thoroughly.

"i"
Q0
&g
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Table XVI - Non-cyclic Youdens with repeated Change-over when T = 3
a. 25%x9x25, f =3
Column

Row | 1 =2 3 W 5 6 T 8 9
I (1) (2) (3) ) (5) (6) (1) (8) (9)
1T (18) (1) (14) «(=z2) (15) (23) (19) (3) (2)
ITT (3) (16) (1) (2) (17) (24) (=21) (25) (=20)
K (W) (1) (20) (1) (e1) (=20) (11) (2k) (15)

(7)  (¥) (12) (13) (1) (16) (a7) (18) (19)
VI (5) (9) (19) (25) (18) (1) (24) (11) (20)
VII (9) (5) (13) (20) (23) (21) (1) (12) (22)
VIII (6) (8) (16) (11) (22) (a7) (10) (1) (23)
IX (25) (15) (6) (1k) (12) (13) (8) (2u) (1)
X (r0) (12) (2) (9) (24) (15) (=22) (17) (W)
XI (11) (13) (&) (23) (25) (9) (14) (2) (16)
XIT1 (12) (10) (5) (8) (1v) (2) (16) (19) (21)
XIIr | (13) (11) (8) (5) (=20) (18) (2) (15) (17)
XIV (2) (20) (23) (7) (10) (25) (18) (6) (12)
XV (19) (24) (22) (21) (2) (11) (13) (1) (6)
XVI (21) (3) (18) (10) () (8) (23) (13) (24)
xviz | (20) (19) (11) (3) (8) (4) (12) (22) (25)
xvizij (as5) (22) (1) (16) (13) (5) (25) (10) (3)
XIX (14) (r7) (24) (12) (12) (3) (5) (23) (T)
XX, (17) (1v)  (9) (6) (19) (10) (3) (20) (13)
XXT (16) (18) (=21) (15) (3) (12) () (9) (11)
XXIT | (22) (6) (20) (24) (16) (ak) (4) (5) (18)
xxr1rl (23) (21) (25) (17) (6) (19) (15) (L) (5)
XXIv | . (8) (25) (x7) (18) (1) (22) (9) (21) (1k)
XXV (24)

(23) (15) (19) (9) (1) (=20) (16) (8)

Note that Change-over is repeated; this matter has not been adjusted.
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b. 31x10x31, f = 3
Column _
Row 1 2 3 )it 5 6 7 8 9 10
I (1) (2) (&) (8) (9) (11) (15) (16) (18) (28)
Iz (2)  (3) (12) (9) (120) (27) (26) (19) (5) (=22)
IIT (3) (&) (20) (10) (a7) (13) (6) (18) (11) (23)
Iv () (5) (1) (11) (12) (21) (18) (2k) (19) (2k)
v (5) (6) (1) (22) (13) (8) (19) (20) (15) (25)
VI (6) (1) (13) (16) (1) (9) (20) (21) (2) (=26)
VII (7) (1) (15) (1k) (8) (10) (21) (i7) (3) (27)
VIII (8) (11) (a1) (e5) (16) (23) (29) (1) (26) (5)
IX (9) (12) (24) (29) (271) (18) (1) (26) (a7) (6)
X (10) (13) (18) (19) (29) (=25) (2) (21) (=28) (T)
XI (11) (1k) (22) (26) (19) (20) (3) (28) (29) (1)
XII (12) (8) (21) (23) (20) (29) (k) (22) (21) (2)
XIII {(13) (9) (29) (28) (21) (15) (5) (23) (24) (3)
XIV (1k) (10) (25) (22) (15) (16) (24) (29) (6) (W)
XV (15) (24) (26) (5) (2) (21) (11) (10) (30) (=20)
XVI (16) (25) (6) (30) (3) (28) (12) (11) (27) (21)
XVII [ (17) (26) (28) (7) (30) (22) (13) (12) (4) (15)
XVITI [(18) (27) (23) (1)  (5) (30) (1k4) (13) (e22) (16)
XIX (19) (28) (30) (2) (6) (1) (8) (24) (23) (17)
XX (20) (22) (8) (3) (1) (24) (9) (30) (25) (28)
XXT (e1) (23) (10) (W) (1) (26) (30) (25) (9) (19)
XXIT (22) (21) (11) (17) (24) (1) (25) (2) (31) (13)
XXIIT [(23)  (15) (3) (18) (e25) (2) (26) (31) (12) (1%)
XXIV | (24) (16) (19) (31) (26) (3) (27) (W) (13) (8)
XXV (25) (17) (1k) (27) (31) (M) (28) (5) (=20) (9)
Xxvi | (26) (18) (5) (21) (28) (31) (=22) (6) (8) (10)
XXviI {(27) (19) (31) (15) (22) (6) (23) (9) (1) (11)
XXVIIT|(28) (20) (16) (24) (23) (1) (31) (1) (10) (12)
XXIX |(29) (30) (2) (6) (&) (5) (1) (3) (1) (31)
XXX (30) (31) (9) (13) (11) (12) (10) (8) (1) (29)
XXXI |(31) (29) (21) (=20) (18) (19) (a7) (15) (16) (30)

Note that Change-over is repeated; this matter has not been adjusted.
From, Handbook of tables for probability and statisties. Chemical
Rubber Co.., Cleveland, Ohio. :




Paired Youdeuns for balance of Change-over - Table XVII shows paired

Designs, 2(t x ¢ x t); each single Youden, t xcxt , ¢ <t , in its own
right, but used together to get balanced Change-over. The single Youdens used
for the combination come at least in a sense, from TableXIII. There,unrepeated
Change-over was obtained but there were not enough Columns to balance the
Change-over. Here, however, were ¢ = (t + 1)/2 , t being necessarily

odd, the 2(c - 1) Changes~over must exactly embrace the gamut possible.
These Designs of the type 2(t x ¢ x t) resemble somewhat the double -

Youdens which follow and where balance may also occur. An example of the two
Youdens arises from TxUlx7. From this there may be written a Design of
2(7x4x7 ) which has, of course, 6 Changes-over and these may be balanced.

The Design is:

Row I (1) (2) (4) (7) Row VIII (1) (58) (3) (2)
11 (2) (3) (5) (1) IX (2) (8) (4) (3)
I1I (3) (4) (8) (2) X (3) (7) (5) (4)
Iv (4) (5) (7) (3) X1 (¢) (1) (6) (5)
v (5) (6) (1) (4) XII (58) (2) (7) (s)
VI (6) (7) (2) (5) XIII (6) (3) (1) (7)
VII (7) (1) (3) (6) XIv (7) (&) (2) (1)

-Here Treatment (1) is preceded once and followed once by each other Treatment
(2) through (7). All other Treatments (2) thfgugh (7) are similarly preceded
‘and followed. If this Design is written in brief form, ﬁ
2(Ix4x7)  f=4

Row I (1) (2) (&) (1)
- 12 .3

VI D) (5) 3) SN
N 4 5 6

it can be seen that since Change-over constantly changes, (1) can never be
followed, or preceded, by any other Treatment twice. This design fills a
paired-comparison table 4 times. Rows I through VII are a Youden rectangle

with ﬁnrepeatea Change-over; Rows VIII through XIV are likewise.

O
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Tgﬁéégxﬂliri— Designs for paired Youdens, n(ticft) with cyclic Columns

and balanced Change-over

=

2(7xbx7) _ £=h T 2(11x6x)l) =6 o 2(15%8x15) £ g

Row 1 (1) (2) <f4> 7y T1TTM @ G ) A Gy IO an@®anc YGY®y
A 1 3 A 1 2 3.4 5 A &€ 511 7 3
VITD (1) (5) (3> 2y R (1) (7) 63) (11) GV XVI (D) 0y (3) ) (33 (14) (123
A 4 5 6 A 9 10 A 910 4 & 12 13

——& ' 2(19x10x19)  £=10
Row A (1) (2) (4) (7) (11) (16) (3) (i0)y 18y (&)

1 3 4 5 7 8 9
XX (1) (i) (3) (15) (9) (4) (19) (16) (14) (13)
Fi 10 11 12 13 14 15 16 17 18
o 2(23x12x23) f=12
" Row I (1) (23 () (1) (ID) (16) (2?) (D) “(14) 23y (10) 2D)
A 1 2 3 4 S 9 10 11

XXIV (1) (13) (3 (17) (%) (2) (19) (14) 10) (7) (3) (&)
a 12 13 14 15 16 17 18 19 20 21 22

2(31316\31) £=16

Row I (1) (2) (&) (7) (11) (16)y (22) (29) (6) (13) (253 (59 (17) (30) (13) (28)
A 1 2 3 4 5 6 7 8 9 10 11 12 1314 15
BXIT (1) (A7) (3) @D (9 29 1%y (10) (2) (26) (20) (15) O &) Gy ()
A 16 17 18 19 "0 20 ‘22 23 28 25 26 27 26 20 30
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The foregoing judiclous combination of two single Youdens raises tempta-

tions that should be firmly resisted. By the combination of various numbers

of single Youdens much could be achieved. In connection with any given Youden
where the Change-over is unbélanced but unrepeated it is, naturally, possible
to combine several in an appropriate way to achieve balance. The only problem
is that of having enough experimental units. Consider thus the simple Yates,

bx3xh, in 3 forms, as follows:

RowI (1) (2) (4)  RewV (1) (3) (4)  RowIX (1) (4) (3)
Fay 1 2 A 2 1 s 3 3
Treatment Treatment Iregtment
After! (1) (2) (3) (4)  After (1) (2) (3) (4)  After | (1) (2) (3) (4)
(1) x x (1) x x @ - (1) xx
(2) x X (2) X x (2) blo's
(3)| = x @ (3)] = x (3) xx
(L) = =x (L) = x (4) XX

or in total

Ireatment
After | (1) (2) (3) (&)
(2) XX xx xx
(3) xx xx xx
(4) | = xx xx

This is just an application of an idea developed at some length by Patterson
and Lucas (1962) where several variants of a Design may be combined to give
handsomely balanced Change-over. Such temptation should, however, be resisted
because there is suggested a complexity that is in fact quite trivial but which

may disconcert and alarm men who might otherwise use new techniques.




Double Youdens where c¢ = (t * 1)/2 - It was proposed in Chap. IT to write Designs

called double Youdens, of type t x ¢ x 2t , or in general cases where

r = 2t as in the discussion about Equ. (3). We cannot write, for instance,
a 9xhkx9 Youden rectangle because it yields, in the sense of the comparison
table of Table IIb, or elsewhere, 18C% = 108 comparisons within Rows to
£ill the EC% = T2 positions in the comparison tabjég i.e., there would

be 3/2 £ill. Accordingly, we write 18 Rows or 9xWx18 to get 216 comparisons

to £ill 72 positions thrice; f = 3 . For the moment attention is restricted

to what were previously, in connection with single Youdens, as in Table XIII,

called central cases, i.e., where ¢ (t £ 1)/2 . BSuch Designs are shown

in Table XVIII. The particular Design of 934315!15 illustrated with data
later in Table XXXT and it is again discussed, in another connection,
in Table XXXV. In this table all the Designs have cyclic Columns, or perhaps
one should say daubleécyclic. Change-over is, of course, always unrepeated
but in some cases, such as 3x2x6, it happens also to work out balanced.
These are cases where 2(c - 1) , the number of Changes-over occurring equals
t -~ 1 , the highest number possible with repetition. These central double
Youdens of both kinds are, disappointingly, practically the only double
Youdens with cyclic Columns that exist in the realm of t < 36 .

There are, among these central double Yaudens, two kinds, as follows:

First, those where ¢ = (t = 1)/2 . Then the number of Changes-over must

" be less than the number of Treatments with which we should like to compare ,
say, Treatment (1). Accordingly, the Change-over will not be balanced
although we may suppose that it should be unrepeated, which will commonly

be possible. An example is Design 9xlx18, f = 3 , of Table XVIIT, where

g4



Row I (1) (2) (&) (8) Row X (1) (6) (3) (2)
II (2) (3) (5) (9) XI (2) (1) (4) (3)

S III | (3) (¥) (6) (1) XII [(3) (8) (5) ()
1v () (5) (1) (2) X111 (&) (9) (6) (5)

vV .| (5) (6) (8) (3) XIv |(5) (1) (1) (6)

VI (6) (7) (9) (b) Xv (6) (2) (8) (7)
VII | (7) (8) (1) (5) XxvI (1) (3) (9° (8)
VIII| (8) (9) (2) (6) XVII |(8) (L) (1) (9)

X (9) (1) (3) (1) XVIII{(9) (5) (2) (1)

Treatment (1) is followed only bty (2), (3), (5), (6), (7) and (9). Each
other Treatment is necessarily followed by only some of the cthér;Treatments_
Within a given half of the Design, the comparisons within éows involve

two Treatments not less than cince and not more than twice, but the matter

is not redressed in the other half. Secondly, there are those central
double Youdens where the ﬁlmib;i‘l‘ of Changes-over must be exactly the number

of Treatments with which we should like to compare, say, Treatment (1).

Accordingly, the Change-over will be bslanced. An example is 9x5x18,

f =5, of Table XVIII, where:
Row It (1) (2) B (7) (3) Row X1 (1) (9) (6) (4) (8)
ITf () Q3) (5) (%) () XIl1 B (1) (7) 3) (9)
11| (3) (4) . (6) (%) (5) XI1} (3) (2) (&) (&) (1)
Vi @) 3) (7) (1) (8) X111} (4) (3) (9 (7)) @
V| 3) () (8) (2) (M) XIVE (3) (4) (1) (8) (3
VI| (6) (7) (9) (3) (8 XVE(6) (5) (& (9 &)
VII| (7) (8) (1) 4) (D ’ VIl (7) (6) (3) 1) (™
ViIt) (8 (9) () &) (1) XVII ! (8) (7) 4) (B (&)
Xl ) @ e @ ’ XVIIL | (D) (B S) 3) (D)

Treatment (1) is follcwed once by each of (2) through (9). Each other
Treatment isbsimilarly followed by all alternative Treatments. The compari-
sons within Rows involved any two Treatments not less than twice and not
more than thrice in one half. In both balves, each comparison occurs five

times altogether.

de)
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Table XVIII - Designs for double Youdens, txcx2t » with cyclic Columns and

unrepeated (balanced) Change-over where c=(t#1)/2

_ 3x2x6 f=2 _ 5%2x10 fal 5x3x10 *
Row I (1) (2) Row I (1) (2) none
a0 - A 1
v (1) 3 VI (1) (4
)4 ( I (1) (g)
balanced unrepeated
 ox4x18 83 _ 9x5x18 Pu5  13x6x26 fub |
Row I (1) (2) (4) (8) &Row I (1) (2) () (7) (3) Row I (1) (2) (4) (7) (11) (3)
A 1 2 B 1 2 3 5 A 1 2 3 L 5
X (1) (6) (3) (2) X (1) (9) (6) (4) (8) XIv (1) (9) (6)(13) (11Y (7)
A 5 6 8 A g8 6 7 4 A g 10 7 11 9
unrepeated balanced unrepeated
13x7x26 =7 - o 17x8x34
Row I 1) (2) Z) (1D (3. (@ (7N  Rew I (1) (2) (4) (7) (11) (16) (5) (12)
N 2 7 5 6 11 -y 1 2 3 _ 7.
XIV (1) (a) (6) (2) (5) (4) (8) XVIII (1) (9) (6) (5) (15) 7) (2-) (17)
A g8 10 9 3 12 4L A g 14 16 10 9 12 15
balanced unrepeated
N 17x9% 3/, L 21x1Nx42 £29
row T (O I EHTNOS e T (1101 (0 (167537 (36) (5T (T5T
.FA L 2 1 315 8 13 14 A 1 220 3 6 19 713 4
XVITI (1) (13)(3)(12)(63(11\(17s(16)(c;) T (1)(11)(8)(2) (1) (8)(17) (10)(15)(12)
A 12 7 911 5 6 16 10 A 1016 17 1215 9 .14 5 18
btalanced unrepeated
- 21x11x42
Row I (1) (27 (4Y (3) (&) (11) (7) (14) (8) (17\ (155
B 1 220 3 5 17 7 15 9 19
XXII (1) (13) (18) (5) (2) (14) (3) (17) (21) (18) (8)
A 11 6 8 18 12 10 14 4 16 13
N balanced o ’ '
C : f&l3
Row I

(f3 (2@) (67 8Y(9) (12) (10) (15) (19) (13) (24) (17) (25) (16)
A 28 6 2 1 3 27 5 L 23 22 8 20
(8) (3) (38 (7) (23) (19) (9) (21) (13) (27) (15) (10) (20)
7 26 13 18 16 25 19 12 21 14 17 24 10
unrepeated

29x15x58 ot FR15
Not completed qp




;
H
H
b
5
i
5
£
:

*¥It is possible to write the Design:

___5x3x10

(1) (2

, 1

(1) (5)
L

Row

e L)

VIS ] IV |

v

> \Hi >
P |

but the Change~over is unavoidedly repeated. A Treatment, say (1), is
preceded by (L) twiee-and (3) not at all. So if there is any Carry-over
it is confounded more than one would like with direct Treatment effect.
Accordingly, if something of this sort must be used, one or the

other halves of this Design may be employed_aﬁ& the lameness made up in

analysis.
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It was earlier remarked that apparently the writing of cyclic single
Youdens with unrepeated Change-over would be extremely simple for t of
almost any size, when t = Um - 1, m an integer, and is prime. Unfortunately,
the writing of camparabie double Youdens, when ¢ = bm + 1 and is prime,

is not so simple; to write the second half is hard.

Youdens, with unrepeated Change-over, other than those of Table XVIII. It
might have been santicipated that there would be, further, a series of
double Youdens, of desired character, with £ =1 , in analogy with single

Youdens. In fact, there are but two--5x2x10 of Table XVIII and

—_ 1323;3@:7 e fg; _

Row I (1) (3) (9

. S S

X (D (5 (4)

bH 4 12
unrepeated

but 25x4x50, f=1, cannot be written in 4 Columns of 25 Treatments, twice over--
there is no solution--this by exhaustive examination. This seems a little
curious when we consider the series for single Youdens where £ = 1 . The

next member of the series, 41x5x82, £ = 1 was not investigated. Thgre

are, of course, no double Youdens with f = 2 ; £ is necessarily odd. Double
Youdens where f = 3 can be conceived as belonging to tﬁe series, 5x3x10,
Oxhx18, 21x6xh2, 29$7x§8, ete., £ =3. Thésfirst 2 members belong to

earlier éeries and for each of them a double Youden Design with cyclic

Columns and unrepeated Change-over exists and has already been shown. Exhaus-
tive exploration of the double Youden 21x6xk2 showed there is no Design with

cyclic Calumns:;ﬁThe Design for 29x7x58 was not explored exhaustively.




For the intractable double Youdens, with ¢ small as in Ethxéb
and 21x6xh2, there should be found, if that is the best that can be done,
Soiuti@ns where the Treatments are not cyclic in the Columns but the Change-
over is unrepeated. Something like the Design of Table XVa  for 16x6x16
is required. | !

Whenever it is possible to write a Youden square with cyclic Columns
as t xc¢ xt then it 1s possible to write a conjugate.Design tx (t -c¢ )
Thus the Design 13x10x26, £ = 15 , conjugate to 13x3x26 can be written easily
enough. While, however, the Design for c¢ < (t - 1)/2 is useful that for
t - ¢ is unattractive. The number of Changes-over must exceed the number
of Treatments, but not be an integer multiplier of that number. Thus
13x10x26 must have 18 Changes-over when there are only 12 different, so that
6 Changes-over must be repeats. TFor such a situation we shall not attempt to

find a Design. It would not be worthwhile or of practical value.

were Treatments are paired within an experimental unit, are written werse
indicated at the time of their intrédugtion in Chap. I. They will not be
listed in particular like the higher Youden Designs. To recapitulate, for

t odd one may write along the lines of the model for t =5 , as

S5x2x10 f=1

' ﬁm; Ii 1 @ (2)

vi | (1) (&)
3

Here every comparison occurs once, £ = 1, and each Treatment (1) through (5)

occurs equally in each Column. Automatically, the Change-over is unrepeated
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although necessarily umbalanced: If balanced Change-over is desired Tor 1

odd, and there are enough Rows possible, such may be achieved by some Design
along the lines appropriate for t = 5, l.e.,

) 5x2x20 © =22
 Row If{ (L) (2)
- N
YI| (L) (3)
L 2
XI[ (L) (4)
1 A 3
“Xvi| (1) (o)
H 4

In order to get a given Treatment the same number of times in each Column
for t even it is necessary to write a larger Design which is most conveniently

in the form, as for t = 4

4x2x]12 =2
{1) (2) B
A 1

(I7 (3)
(1) (4)

which has, automatically and aiways, balanced Change-over.
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Special features thtggf;atiﬁrsgggxe - Latin squares are design-wise a very

special case of Z@ﬁiens. Not only for this reason are they Warthy of some
special attention but they are, of course, widely known and commonly employed.
They are a very desirable deéign for change-over experiments provided that ¢t
the number of Columns, or commonly the amount of time required, is practical.
The latin squares are easily understood by men innocent of Statistics and

are easily analyzed. As, however, t becomes great; Youden rectangles,

c <t , have to be employed.

The peculiarity of latin squares is that the experiment is so organized
that one's estimate of any effect, be it in Row, Column or Treatment, contains,
in a niée balanced way, all other possible effects. Thus a given Row con-
tains an item in each Column once, and once only, and each Treatment once,
and once only. Similarly, a given Treatment is represented in each Row
once, and once only, and in each Column once, and once only. Similarly, is
the effect of a Column disposed. Rows, Columns and Treatmenis are said to be
orthogonal. This orthogonality accounts for many of the steps that are taken
in handling latin squares and in tlie form-in which their analysis is presented;
Unfortunately, people hgvé tried to extend those steps and that form to cases

when the effects are not orthogonal and the arithmetic contortions are extreme.

The iatavfrom a single'latin square, with or without consideratiocn
for Carry-over, may be analyzed by the procedure appropriate for Youdens
in general. These methods are developed and illustrated at length in the
subseguent discussion and a program for electronic computer is shown in
the Appendix. Alternatively, it may be analyzed by special methods, i.e.,
analysis of variance, which are widely shown in the literature and are

perhaps more simple than those appropriate to Youdens, in general. Let us

say that they are the more simple so long as Carry-over is not involved.
O

L
e
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To some extent the Qraéeiure chosen will depend on the background of the
biometrician and, to some extent, on thé equipment available to him. He may
use the general Youden program, if this is convenient as in a program on an
electronic computer. Why béﬁher with a specinl program for the latin square?
Tf the business must be done on a desk calculator, he is more likely to use
the special methods, which were, after all, désigne@ for a desk calculator

or even for pencil work in 1925.

Analysis for direct Treatment effects in éingle latin square - The

traditianai analysis of data, for direct treatment effects, from a latin
sgﬁare is very well known. Let us then re&érd it briefly and illustrate
it with the data of Table VI;;a 6x6x6. It happens to have balanced
Carry-over, as was taken up when the Design was introduced, and to be
arranged with constant forward differences as in Table IX. As was dis-
cussed in connection with that, this is effectively the same thing as
Treatments cyclic in Columns, none of these things is, however, of moment
in the aﬁaljsis for direct effects.

In the traditional approach that we are discussing it is usual to

conceive the 36 observations to be something like

v . =u + o, + + - + 7
Vige T W T e By T e T B (7}

vhere u 1is a general constant, o is the effect of the ith,

e

(i = 1...t) Row, B, of the J™ (§=1...t) Column, k™ (k= 1...t)

Treatment ani,_gijk the effect of extraneocus factors. Thus in the 9th

cell of Table XIX

=
x



Y236

6L.2

MW+ oap + B3 + vy + eg

(8)

where a5 1is the effect of the second Row, where the observation occurred,
B3 is the effect of the third Column, yg the effect of the sixth Treatment.

1t is usual to assume that Eijk is normal, distributed with standard devia-

tion o about zero. A(The meaning of this matters little.) It is assumed
that the values of Eijk are uncorrelated. It is further supposed that

t t -t

iil N Jil Bj ) kil e T . (9 )

This last equation is of the greatest importance for it is constantly
appealed to in subsequent diécussion. It must be noted that the whole
structure of traditional analysis of latin squares is based upon the
additive assumption of Equ. (7). Whether they are additive is not usually
investigated. We can only say that the model seems to have worked out
.wel} in an historic way.

On the basis of Equ. (7) and (9), the estimates usual in a latin square
may be written very simply in terms of totals for a given Row, Column,

Treatment or overall, respectively of

» . 3\
Ti =z Y15k (i common)
t
TJ = E Y3 5k (J common) r (10)
Tk = i yijk ( k¥ common)
F =, Vi J
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The estimate of the general level of response is

- 2 N
p =G/t . (11)
- L “th s
The estimate of the effect of the k Treatment 1s
;1{ or (k) = (Tk/t) - G/t2 (12)

i.e., the estimate of the effect of the Kth Treatment is the average for
. all observations under that Treatment less the averége G/t2 , for all
observations. This is what is known as a least squares estimate although
let us not ?@ther here what that means or why we should want it. Let us
simply comfort ourselves in the fact that most statistical estimates are best
made by settiﬁg up least squares'estimatésg Even when more general methods
of estimating are used, they usually include least squares method for some
special case. The acbual estimates for Treatments are shown in Table XIXb.
They are labelled ccnt?ibuxi@ns; they are often thought of as the amount
each mean differs from f{i . The means or averages are quantities often
more useful for practical reporting. Equations similar to Equ. (12) can be
written for Rows and Columns if they should be needed.
A matter of more difficﬁlty, although of less consequence than is

often supposed, is that of calculating the sigﬂifiéance of the ﬁariability
among treatment averages. The question is whether they vary as much as they
do just by accident, as judged from the general instability of the experi-
mental results. Traditionally, there is found the reduction in variability,

or as it is called, the sums of sguares, due to Rows, Columns and Treatments

respectively from
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-t N R
s = (t T T2 - G2)/t?
R .- i
i=1
t
s =(¢t T T2 - G2)/t? > (13)
C j=1 9
K 2 2
= v m2 _. (02
Sqp = (t z Ty G2)/t J
kE
ha: is called the total sum of squares is found as
= (£2y v2 - g2Y)/t2 . 14 3
5g (42 Y35k G%)/t , 14 )

+2 =

Finally there is found the residusl variability or that due to extraneous

factors (which is often called the sum of squares for error)i.e.,

ach sum of squares has associated with it what is called the degrees of
reedom. These are one less than the number of items invelved. Thus,

ince there are 6 Treatments there are 5 degrees of freedom. The reduction
y unity is associated with the conditions of Equ. (g ). The analysis of
ums of squares together with the analysis of mean squares, or the

nalysis of variance, is as shown in Table XIX. Values of F , for testing
ignificance, are found by dividing error mean square into mean square for
ach of the superior lines. These values are referred to Table L. This
5, of course, a very well-known test, it is to the point that the estimate
f random standard error from among say Treatments is greater than from
rror to a degree that could hardly happen by accident. Hence we argue

1at the estimates of Treatments vary more than could reasonably be

tpected by chance. Just where one draws the line is to some extent a

“og
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Table XIX~ Analysis of latin square for dir:ct

treatment effects only

a. Data collected, ;;epeate& from Table vl

Week

Group | 0 1l 2 3 bW 5 6 Sum _ Mean
I ((1)) [(1)6.4 (3)45.8 (2)k0.8 (5)62.4 (6)59.9 (4)61.7 | 317.0 52.8
IT ((2))[(2)60.9 (4)59.2 (3)hh.9 (6)64.2 (1)55.3 (5)52.0 | 336.5 56.1
III ((3))1(3)50.0 (5)50.0 (4)64.2 (1)60.9 (2)58.4 (6)53.3 | 336.8 56.1
Iv ((1)) [(W)63.7 (6)72.0 (5)71.7 (2)57.3 (3)53.3 (1)52.7 | 370.7 61.8
v ((5))1(5)48.8 (1)50.% (6)56.L (3)58.9 (4)65.6 (2)6h.2 | 3h4.3 57.4
VI ((6))1(6)63.2 (2)58.7 (1)51.8 (4)49.6 (5)49.6 (3)53.6 | 326.5 5h.b
Ssum [ | 333.0 336.1 329.8 353.3 3b2.1  337.5 |2031.8

Mean 55.5  56.0  55.0 58.9 57.0  56.2 56.4

b. Treatment estimates

W@ G WG &
Contrib. =3.52 +.28 —5_36 +—h;23 —69 +5.06

Mean 52.92 56.72 51.08 60.67 55.75 61.50
Sum 317.5 340.3 396.5 36Lk.0  334.5 369.0

¢. Traditional analysis of variance

Source |  d.f. | Sum Squares | Mean Square
Rows t-1 Sp SR((t—l)
Columns t-1 = Sc/(t—l)
Treatments t=1 ST ST/(tall
Residual (t-1)(t-2) Sp SE/(tal)(t—Q)

a1 | e2a o ]
TDtEl t L L"G'
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Source d.f. Sum Squares | Mean Square

=
OO [

Rows or Groups 5 280.5856 - 56.1171
Columns or Weeks 5 57.4322 11.L486L
5
0

[ B S S
=

Treatments 510.7722 102.1544 1.

Residual 2¢ 1074.9356 53,7468

Wt

"rotal” 35 1923.7256

d, General and reasonable analysis for significance

o , Residual Variability
Fectons ar. (ausress

J—

A . Rows & Colums (control) o5 | 1585.7078

Control factors plus Treatment 20 1074.9356

_ (1585.7078 - 107k.9356)/(25-20) _ ,
F5;EQ B ' 107L4.9356/20 = 1.90 N.5.
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matter of disposition. Usually it is drawn at 5%; we say there is only one
chance in 20 that the variability among Treatments could be so great. As
is, however, shown in Table L, one may draw the line at 1% or .1%.

It may be noted that Table XIXd has been added for the sake of
comparison with subsequent work, although its supporting discussion is
necessarily deferred. The quantity 1074.9356 is easily recognizable in

The ideal of classical experimental design is that the several categor-
ies of a situation are so disposed that their effects are entirely uncon-
fused or orthogonal and are readily estimated free of each other. The
categories may be Men, Periods and Treatments. In the earliest Designs to
appear, historically, i.e., the latin square, all Men are present in each
Period and try all Treatments. Then one can form a tidy 3-dimension table.
In saying that Ehe systematic elements, Rows, Columns and Treatments are
orthogonal, we mean that if one were systematically to add something to any
one of them the relative standing of the others would be unaffected. Thus, if
in Table VI, some ill-disposed person were to add 12 to all observations

in Row or Group I, but there only, the data would become:

Week
Groups | 1 . 3 ' 5 &6
I (1) 58.4% (3) 57.8 (2) 52.8 (5) Th.4h (6) T1.9 (k) 73.7
I (2) 60.9 (&) 59.2 (3) k4.9 (6) 6€4.2 (1) 55.3 (5) 52.0
III (3) 50.0 (5) 50.0 (L) 6L.2 (1) 60.9 (2) s8.4 (6) 53.3
ete ete

The mean for Group I would, of course, be increased by 12 and the contri-
‘butions for Groups would be generally disturbed. Then the treatment

‘means and contributions would be

104
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@2 3 (5) (6)
-Mean 54,92 58.72 53.08 62.67  57.75 63.50
Contrib. -3.52 +.28 ' =5.36 +4.23 -.69 +5.06

The means have been increased by 2 over what Ehey‘sh@uld have been from
Table VI but it can be seen that the treatment céntributi@ns are quite
unaffected from théir'values in Table XIX. Treatment is orthogonal to Group.
The quality of orthogonality is very important to the latin square.
as the ﬁarginal averages. The problem of determiniig significance, as
illustrated above, is correspondingly simple. Unfortunately, in the real
world to be discussed in following chapters, the effects are rarely
orthogonal. Sc both the business of egtimating effects and testing
significance has to be loocked at in a more serious way. This is done b%iDW.
The procedure of Table XIXc as traditianaily carried out to make an
analysis of wvariance was in 1925 singularly fresh and powerful but in the
year of this writing (the Llhth year of statistical grace) it seems more
than a little stilted and awkward. In the first place it makes no distinc-
tion between the control factors, Rows and Columns and the ex;erimental‘
factor, Treatments, that is to be tested. Usually we do not want to know
the effects, in themselves, of Groups or Periods but simply want to get
them olut of the picture. They may be regarded as factors necessary for the
experimental control of variability. A novice could hardly realize this
because these estimates or the mean squares that correspond to them are
handled in exactly the same way as those for Treatments which are of prime
interest. 1In a éautionary way, it may be added that circumstances do control

cases and if anyone should want to know the significance of Rows or Columns

v
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it can be handled in exactly the same way as that for Treatments or Carries-
over. The procedure is illustrated for one problem, that of Table XXXIII
which deals with the full and what seems best method of analysis for Youden
rectangles. In the second place the concept that has been called residual
ivariability is commonly called "error." The concept of "error" apparently
comes from the physical sclences where all relationships are supposed Lo be
in functions (particularly if one leave out the aberrant observations). What
passes for error is perhaps best thought of as the effect éf extraneous factors.
Tt is variability in the results, y , that cannot be aacogﬁtei for Ey the
classification of data into Rows, Columns, Treatments and possibly Carry-over.
There is a curious effect that is encountered fairly regularly in change-
over experiments when they are subject to considerable Carry-over and that is
that the Columns or Periods seem too uniform. This can be seen 1n Table XIXec
which is full analysis of variance. The effect of Columns or Weeks is
taken ou% as if it were an experimental factor and required testing for sig-
nificance. Tt will be seen that its "mean square" is only 11.49 in écntrast
to residual mean square of 53.75. Such happens pretty regularly. The reason
seems to be that since each Treatment occurs once and once only in the preced-
ing Column, therefore, each Carry-over occurs once and once only in the given
Column. The éame is true in all Columns and accordingly the Carry-over con-
tributes not at all to the variation among Columns. It may, however, be
contributing very heavily to the residual variability, which may thus be the

greater when no allowance 1s made for Carry-over.

Analysis for direct affects in repeated Design - In practice one often sets

- up multiple latin squares (t even), i.e., repeated in the sense of the present

discussion and by this we mean not that a given Treatment is repeated, or
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as 1s generally said replicated, but the whole square may be. repeated.

Thus one may set up a Design, from Table IX, on kL Groups of men as follows:

Perioad
Group | 1 2 3 4
T (1) (2) (3) (W)
IT (2) () (1) (3)
ITT (3) (1) (4) (2)
(W) (3) (2) (1)

Iv

and then repeat this 5 times so that 20 Groups of men are covered, as has
been done in Table XX. It is, of course, realized that it would be some-
what more sophisticated to give each fresh set of L Groups a fresh Design,
50 far as possible. It would even probably yield better results. The
stumbling block is one of practicality. It is better not to write out
elaborate instructions for other people to execute and tha. will require
broofing by the writer. Also in actual practice the result would probably
be incomplete in some way, with cells missing or even lines missing,
50 that the total Design would then become quite intricate and its analysis
involved. 1In Table XX which was chozen for illustrative purposes, the Design
is complete. It will be noted that Table XXa is concluded by quantities
with the label 'Sum sq." These are simply the sum of the squares of the
observations 53, 57, 50 etec. in; say,; Column 1 and are added to save work later
for anyone choosing to verify the calculations. Such guantities were shown
at the foot of Table XIXa.

The analysis for direct treatment effects in paired latin squares,
2(t xt xt ), as in Table X, whieh oceur when +t is odd, must, of

course, be just the same as in a once repeated latin square Design.
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Tt is possible to make for this situation of multiple latin squares an
analysis of variance very similar to that for single latin squares, as shown
in Teble ¥XXd. Such is, indeed, the general procedure in the literature.

This analysis has no longer, however, the justification of convenience. Its
generalization leads to increasing complications to the Péint where, for the
more intractable cases that arise in practice, analysis becomes impossible.
Accordingly, it seems best to turn in the direction éf methods suitable for
this and all later problems. It is assumed that a fundamental structure of
general row, column, treatment and extraneous effects exists as in Equ. (7)
and that row, column and treatment effects add to zero, as in Equ. (9). Now
a man, reasonable, but innocent of Bicmetry, let alone the Calculus, required
to form some estimabe of the quantity p in Equ. (7) from the data of Table
XX would presumably proceed along a line of thought that may be conjured up.
He would argue that in view of Bqu. (7) everv one of the 80 observations in
the tablerecntains the quantity p so that none may be safely ignored without
throwing away a potential bit of information on M . Surely the sum or the
average of the 80 observations would give him some idea of p 7 Now starting

out to consider what we get besides ¢ in the sum he would find

1]
=
+

53 : ay + By +t vy t e

58 = u + ay + By +y2 t*oe2

58 = nu + o] + Ba + Y3 + €3
- ) (16)
53 = u + oy + By Yy toEY
5T =u +ap + 81 + v + €5
55 = u + ax + By * v2 * Ep




whence
BDB + g(ﬂl + a4y + oz +...0t ago) + 20(51 + SZ + 83 + 84) + ED(Yj + vy + yy *t YQ)

+ e + e + gg +o..t €gp

Upon reflection, remembering Equ. (9), he would simplify and say

80u + el t ey tegt i tegy T okl (18)

Now since, as can be shown, there is no sure way of estimating €1 5 €5 s
€q etc. he could only hope they would to a considerable extent cancel,

some being positive and some negative, and otherwise forget them. So finally

he wogld come to the comfortable,

80l = L2kl (19)
which, of course, résults in the average

i = 53,01 | | (20)

(Note the little hat means that even when all is done he would not know

U , but only have an estimate subject to accidental variations.) Next
suppose the reasonable man wanted to get an estimate of the control factor

of Group. He would first estimate the level of satisfaction for Group I.

He would argue that in view of Equ. (7) every one of the first 6 observations
in the table cantains the quantity a, S0 that none may be safely ignored
witHout throwing awvay a potential bit of information on o - Surely the sum
or the average of the first 6 observations would give him some idea of ay 7
Now, starting out to consider what he would get besides oy in the sum, from

the first four of Equ. (16),
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222 = bu + hay + (B + By + By + By) + (y1 + v + y3 + vy)t £, + ot g4 + £y

(21)
or upon reflection, remembering Equ. ( 9) he would say
)-4!:!1+)-+1J+E:i+§2+€3 + ey = 222 . (22)

Now since, again, the only thing he can do with €] » €3 etc. is drop

them and write comfortably
bap + by = 222 . (23)

Let him then write for Group I through XX, the equations:

bap + by = 202 )

h&g + uﬁ = 211

hag + by = 226 b (2k)
hay + by = 225

hayo + by = 220 |

In more or less the same way he would get equations for the control factor
of Period as

5

1121

i

| 208; + 20y

208, + 20u = 1048

8 . (25)
99%4 + 20y = 1043 )
In this way he would get estimates:
o1 o O3 oy eee ®20
%1.h e.éé +3.49 +3.24 ... +1.99 |
= o (26)
8, B2 B3 By
+3.04 -.61 -1.56 -.86 )

1io
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By a similar argument, he would get equations for the experimental Treat-

ments as follows:

20y] + 20p = 1040 )
20ys + 20u = 1075

20y + 20u = 1092 7 (27)

20y, + 20u = 1034 |

yielding estimates of Treatment =ffects, as in Table XX b. All the treat-
Yk

ment estimates, or contributions, are shown in Table XX b as (k) ,

which is a more convenient way of reporting them. As previously in Table XIXb,

there are added the means for the Treatments.

mightily to bring forth a very small mouse. The point of view is important
because it applies to later cases of more involved design or imperfectly
executed design. One can set up gquite easily oneself what are called
"least squares" estimates for all the effects in a latin square without
getting all involved in the elaborate business of partial differentiation
usually given in their derivation. These equations are, at least for all
problems in the present bock, very easily set up along lines that a reason-
able man would follow anyhow. TFor a given Treatment he would form the
total or average result, although we do adjust it a little for any effect
of Rows, Columns, etc., which happened to become involved from the nature

of the Design. This approach, it should be understood clearly, leads to
results identical with those usual. The approach is éanveniént and meaning-

ful ir an experimental way.
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While estimates of treatment effects should probably be considered
the main output of an experiment, such as that of Table XX, i.e., the
results of Table XXb, it is often important to test the significance of
those estimates. Important or no it is generally done as in Table XXc.
1t is often necessary to go beyond these and the estimates of efféctsg
as in Equ..(gé), to the question of the chance variation in these
estimates aﬂd.the general chance variation in the observations that is not
acé@untéd for by the systematic effects. Here the intuition of the
reasonable man would be inadegquate and it would be necessary for him to
appeal to a biometrician. And this is a good thing because it makes it
possible for biometricians to earn a living. Wlth regard to the residuai
variability it is necessary to think of the problem in two steps. First,
what would be the residual variability if one made allowance only for the
control factors, Rows and Columns, and secéndly if one made allowance for
the factor of experimental Treatment. The vital question is whether it
is much reduced by the inclusion of Treatments because then we shall be
inclined +to regard them e= significant.

Consider the first problem of getting the varisbility, residual on
the control factors. Here we may take advantage of a rule without attempt-
ing to justify. It is that for all least squares equétians and their solu-
tions, the variability, in a certain sense, that is not explained, iz gotten
from the sum of the 80 nbservations in Table XXa, each squared (229;057);
the above estimates and the right-hand members of the equations. Then one
takes advantage of the fact that the reduction in squares achieved by each
estimate is given by the product of that estimate and the right-hand member

of the equation from which it arises. Thus the reduction in variability, due

IToxt Provided by ERI
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-~

to <“he introduction of u , is -53.01(4241) as from Equ. (19), the reduction

due to &1 is.é2.49(222} as from Equ. (24), the reduction due to él

is —S-Oh(llél) as from Equ. (25). 1In total the variability residual on
control variabl s (employing row and column estimates bey@ni those of

Equ. (24 and (25) and not shown elsewhere) is:

229,057 - 53.01(Lk2k1) !
—{+2.49(222) - .26(211) + '3.49(206) + 3.2h(225) + 2.99(22k) + 2.7&(223)-
+4.49(230) + 2.49(222) - 6.26(187) + L.74(231) - 2.76(201) - 6.01{1E8)
~3.76(197) + 2.o4(221) + .Lo(21k) ~ 9.76(173) - 2.26(203) + 5.49(23L)
-5.76(189) + 1.99(220)}

-{+3.04(1121 - .61(1048) = 1.56(1029) = .86(10k43)}

This result is exact, except for rounding error, due to the fact that in the
illustrative calculations there are very few decimal places. If the business
is carried out with abundant decimal places the result of Equ. (28) is
2518.51, as in Table XXc.

Finally, we must considcr the variability residual on the model when
n@t-cnly control factors, but also the experimental factors or Treatments,
are included in the model for the data of Table XX . Since the effect of
Treatments is orthogonal, on account of the peculiar nature of the Design,

*The reader should not be alarmed that some row estimates seem to give
an increase, rather than a decrease, in residual variability. Matters are
arranged so that Rows, as a whole, Columns, as a whole, and Treatments, as

a whole, give each a reducticn in variability.
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to those of Rows and Co’nmns, i.e., the various equations are independent,

we may write the further reduction due to the consideration of Treatments,
after the fashion of Equ. (13) as subtracted directly from th previous

residual to give a final residual. of

2507.91~ {-1.01(10Lk0) «+ .7h(1075) + 1.59(1092) - 1.31(103Lk)} = 2381.07 . {(29)

or if abundant decimal places are used to the 2402.27 of Table ¥Xc, where the
results are summarizeé. Tﬁere the mean reduction in variablility per degree
of freedom for Treatment is (2518.51 — 240.27)/3 = 38.75 . The mean variability
per degree of freedom residual to the entire model is 2ho2.27/54 = L. L9
The ratio of these quantities is called ¥ = 38.75/4Lk.L49 = .87 , which is not
signifiicant n referral to Tabl: L.

It =hould be realized, of zaurse, that exactly the result gotten by
the classic Equ. (15) could have been obtwined by operations like those of
Equ. (28) and (29). Equ. (15) is just a facilitation, convenient for a desk
calculator, when one is dealing with a single complete latin sguare. ‘It
really does not matter how one aﬁglyzes—-it iz so easily done. It does not
even matter much how one presents the analysis. Thus it can be presented in
the classic way as in Table XIXc or in more concise but general manner as in
XIXd. The approach is, however, important because the classical one becomes,
often, unbearable in the more complicated cases that arise in the real world.
Then the designs tend to be multiple, incomplete and not latin and the
analysis had better be done by setting up the necessary equations and then
considering the amount of variability left in the data after those ecuations

have been used to make necessary estimates.
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If onc Lad only a desk co'~nlator, one would use Equ. (10) through

I

Equ. (15), with a small modificatiocn in the definition of 8p » to get the
results shown in Table XX d. Geaerally in practice, however, rescarch men
would use the approach of Table XX c¢ but take advantage of something like
the appendix program. If one has access to an electronic computer i% is
much more simple just to give it the Design and results, as in Table XX a
and have it yield the results as in Table XX c.

The writer suggests that this problem might more logically be thought

of along the lines used in fitting a polynomial of indeterminate order, as

Sir Raﬁaid Fisher also taught us in 1925. Argue that there is a certain

residual variability when aliowance has been made for the control factors,
i.e., Rows and Column:. Then consider the residual variability when allowance
is further made for the Treatnents. Consider the reduction in residual
variability due to the addition of Treatments. Compare that reduction with
the variability still residual to see whether the reduction due f@ Treat-
ments is relatively o high that it could not be due to chance of the nature
of the residual factors, i.e., are the particular Treatments concerned very
meaning™l. In all this handling about of residual variability it is
necessary to bear in mind degrees of freedom, as set forth in Table XXec.

We may say there were originally 80 degrees of freedom, i.e., 80 observa-

tions. There have been fitted comstants, 1 for i, 19 = 20 - 1 for Rows
and 3 =4 - 1 for Columns. This leaves 80 - 1 - 19 - 3 = 57 4.f.
assoclated with the residual squares of 2518.51 on the control factors.

4 - 1 more constants for Treat-—

Now if the model is extended to in:zlude 3
ments there are left only 54 d.f. with associated residual squaresg of
2L402.27. There has been achieved a reduction in variability of

ERIC Chg
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Table XX - Success in 20 Groups, using 4 Treatments each for

1 Week, during b4 Weeks

a. Design and results

Weel:

Group 1 2 3 . L _Sum
I (1) 53 (2) 58 (3) 58 (L) 53 222
v (1) 57 (2) 55 (3) 5L (L) Ls 211
IX (1) 50 (2) 66 (3) 57T (L) 53 226
XIIT (1) 60 (2) 55 (3) 55 (k) 55 225
XVIT (1) 64 (2) 52 (3) Lo (W) 59 22L
T, (2) 60 (W) 57 (1) 55 (3) 51 223
VI () 64 (4) 51 (1) 53 (3) 62 230
X (2) 53 (L) 58 (1) 51 (3) 60 222
XTIV (2) 55 (4) kb (1) 48 (3) Lo 187
XVIIT (2) 57 (L) 6L (1) 53 (3) 57 231
III (3) 77 (1) Lt () 30 (2) L7 201
VIT (3) Ll (1) ko (4) L8 (2) hy 188
XT (3) 50 (1) ke (&) ST (2) Lk 197
XV (3) 63 (1) s1 (4) 52 (2) 55 221
XIX (3) 62 (1, Lo (L) 56 (2) 54 21l
IV (k) L6 (3) 35 (2) &7 (1) 4Ls 173
VIII (L) 58 (3) 51 (2) ko (1) L5 203
XII (k) 5k (3) 63 (2) 51 (1) 66 23L
XVI (4) L2 (3) kg (2) 51 (1) b 189
XX (L) 52 (3) 55 (@) 55 (1) 58 220
Sum 1121 10L8 1029 1043 Lokl
Sum sq. 64,075 56,032 53,633 55,317




b. Treatment estimates

) (@) (3) (&)
~-1.01 +. T4 +1.59 -1.31
52.00 53.75 54.60 51.70

Contrib.

Mean

of significance of Treatment effects

Residual Variability
_(Sguares)

-

u , Rows & Columns (control)

Control factors plus Treatments

57 2518.51
Sk 2h02.27

- = (2518.51 - 2402.27)/3 _

- 2Lh02.27/54

d. Testing of significance using classic analysis of variance

Sum Sg. | Mn. Sq.|
1456.7h T6.67

__Source d.

=

Rows

Columns
Treatments
Residuals

Jn

255.7h
116.2h

_2hoz.27

85.25
38.75
i i

oo
=

Wl wWwwo |+

" rotal’’ T
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2518.51 - 2402.27 = 116.24 (as it appears in the traditio-al XX d) for

3 d.f. or 38.75 per d.f. of Treatment. This is n@ﬁ to be contrasted with
the 2L02.27 residual variability for 54 d.f. or LL.4L9 per d.f. on the total
nodel including control variables and Treatment. We contrast the 38.75
with_hhiAQ by strikiné the ratio of .87. -Fiﬁally ve;décide if this is
bigger than might t= the case by accident by refereace to Table L

(5% point of F) to see the number 2.71. Our .87 is too small.

If we had gotten 2.71 or more in our experiment we should .ave said the

esults were significant. Then what may seem curious subtraction above

H

of one from number of Rows, Columns and Treatments is due to the condition,
Equ. (9), which reduces the real number of things to be estimated. Thus,

in Equ. (24), it seems that there are 20 values of 'ai to be estimated

ES £

but there are really only 19 because azp 1s just the sum of o3 through
&19 , multiplied by minus one.

In the literature one can find the-salemn handling of the control
factors, say Rows and Columns, as if they wvere experimental Treatments,
further elaborated for repeated latin squares. This position was first
discussed in connection with the single latin square involved in Table XIX.
The first 4 Groups, I, II, III and IV, may be regarded as belcnging to «
first square, the next 4 Groups, V, VI, VII and VIII, similarly belong to &
second sgquare. The Groups within a square may be more intimately related to
one another than they are to other groups. In agricultural problems where
the analogue of our Group is a Row of little exrerimental plots such is
often the case. Then there is piled up in place of the single line lead
by "Rows" in Table XX d an elaborate subdivision of variability due to

squares, the interaction of sguares with Columns etc. The reduction in

N\
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variability (Sum Sq.) due to Treatments and the corresponding value for
Residuals are completely unaffected and the F test remains unaffected.

Accordingly, such elaboration seems generally to be an idle thing.

Breaking treatment variability up - Very often data such as those of Table

VI are subject to general analysis as in Table XIXa but then certain
particular comparisons are required. The variability ame Treatments
substantial reduction in rcsidual squares, i.e., 1585.7078 - 1074.9356 =
51C.7722 it is because the treatment averages in Taﬁle XI¥c vary substan-
ﬁially; It may be required to isolate that variability because there was
some fundamenta . reason, known before the experiment was run, why certain
comparisons should be made. There is often a situatior where the variabil-
i1ty among Treatmenls must be in some way subdivided. The Treatments are
2ot simply so many alternate varieties, in themselves. Thus it may be
required to compare Treatments (1) and (2), which are two types of regular
Treatment, with the other Treatments as a set because they are experimental.
Zlternatively, it may be required to compare Treatments (2) and (3) with
(), (5) and (6) because the first 2 involved aureomycin and the latter %
penicillin. ‘Yhe division for comparison may involve, in som way, all 6
Treatments, although it may involve the intercomparison of only some.
It is diffieplt and seems unnecessary, here, to go through the logic

involved in such problems. We may advantageously avail ourselves of

* procedures well established in the analysis of variance. Consider there
the comparison of any set A of Treatments compared with any other set

B of Treatments. It is necessary to note the number of basic units

- Iz24



n, and n in the two groups. In the case of 2 latin square, txtxt, as

A B
at present, ny must be t ‘times the number of Treatments in set A and

n, is gimilar. Then the sum of squares or mean square 1is

()% (2)% (1, + Tp) B
l‘lA + DB Il;‘ + n

where TA is the total of alil cobservations ¥y in set A and TE the
total in set B . Buch comparisons may be made as the nature of the
problem involved dindicate. All such mean-squares have a unit freedon.

The matter may be illustrated on two comparisons of Treatments in Table

XIX, or Table VI, by calculating:

a. To compare Treatments (1) and (3) with all other Treatments find

(624.0)2 | (1407.8)2  (2031.8)?

' = 2l £7 .
12 2l 36 35h.67 . (31)

This mean square may be compared with the residual mean square of Table XIXd

to give
TT = 77)-.‘;77 5 :77 = ,pi; 5 32
F.,20 354,67/53.75 = 6.A0 . (32)
which on reference to Table L proves significant at the 5% level.

~

b. To compare (2) and (3) with (4), (5) and (6) find

, 2 (1067 =12 2 ,
(Shiéal? 4 (1Q§g45) - (17§g'3) = 210.38 . (33)

This mean square when compared with residual gives

F;;go 210.38/53.75 = 3.91 , (
which on reference to Table L is not significant at the 5% level.
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his procedure may be paralleled by operations inveolving the estimates,
as in Table XTI¥b, of Treatment effects. The procedure proposed is not
exactly that usually given in discussions of the analysis of variance,
although it is algebraically identical. It has considerable advantages
in that it can be applied in a variety of situations without any speclal
concepts or equations. It is, on the other hand, admittedly more clumsy
for the case of th§ singleg perfect latin square.

The set A , may be supposed to comprise mA Treatments and set B
to comprise my other Treatments. Then parallel tD‘Equ_ (30) we may write
that thé sum of sqguares or mean square for the comparison of the two

sets is

I S U T N U o
o o . : m, " (35)
E RN 35)

where ZA is the total of treatment estimates for set A and ZB the
total for set B . The constant K i= to be found, as belor. Of course,
from comparison of Equ. (30) and (35) , for the single complete latin
square, .t is simply the number of experimental units under a given
Treatment. In a more general way, K 1is the ratio of the reduction in
residual sares due to Treatments, as in Table XIXa, to the sum of all

the treatment estimates squared, il.e.,

(1)2 + (2)2 + (3)2 + (4)2 + (5)2 + (6)2

The matter is illustrated for the case of Table XIX in sgu. (30).
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To illustrate the matter, consider the contributions of Table XIXb.

We may find the value of

~ 1565. 7078 - 107k, 9556 e
(-3 52) . (s, ga) F (=5.36)° + (+1.23)° + (=.69)° + (+5.06)°

1l
|
\

K

or, as previously discussed, actually 6, the numbgr,af observations under

each Treatment, ex?ep£ for the fact that in the illustration the Treatment
estimates, or contributions, are calculated with only two decimal places.

Following Equ. (35), the part of the variability;due!ta the comparison

of set bA » whea it is Treatments (1) and (2) with set B , when it is

the balance of the Treatments, is

Kf [(1) + (3))° , ()« (i) + (5) + (6))°

when it will be noted that the third term of Equ. (35) vanishes because

the numerator sums to zero. Numerically,

(+ .28-.69 + 5.06 + 4.23)2

**1 2 b

3, 2
i=(6)(8.88)
354.8448 . (37)

Now this value is to be compsred with the final residual variability of

Table XIXa to give

_35.BMM8 o o

F, . =- — = (36
"1,20  107k.9356/20 (38)
which on reference to Table L is signifi.ant at the 5% level. This
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result is, of course, jdentical with that of Equ. (32), except for rcunding

error. In the case of the comparison between Treatments (2) and (3) with

(L), (5) and (6), the part of the variability Aue to this single comparison is

BEGERS) (T Gy 602 (Gr+ Q)+ )+ G+ )2
2 3 5 -
(39) )

term within the éamplex brackets. Thus

i.e., there is a third. "corrective"

{rom Table XIXb, again, the comparison yields

(+ .28-5.36 + h.23- .69 + 5.06)2 }

2
= 210. 4707 . (L0)
Now this value is to be compared with the final residual variability of
Table XIXa to give
(41)

___210.4707  _ -
1,20  10T7k.9356/20 3.92

!

which on reference to Table L proves not significart. This vesult is.

of course, identical with that of Equ. (3L), except for rounding error.

In actual experimentation, there frequently arises the problem where

- gsome one picks out, after the fact, of Table XIXb the most divergent Treat-

ment, like (3) at -5.36, and compares it with the balance of the Treatments.

The calculation is simple enough, being along the lines previously followed

“ :’-_1 E’f 8




=
%
2

_ 6(6)(5.36)2(20)
1,20 ~  107k.9356(5)

F

= 3.85 (L2)

There arises, however, & problem of testing this value for significance.
Tt is a problem in logic. Thérquantity Fl,ED _cann@t be referred in =a
simple way to Table L if we deliberately chose 5.%6 on account of its
being large; we did not predesignate it. There is a considerable discus-
sion on this matter in the literature although it will be found to center
around the guantity /?Ijg; which is called "Student's." (The choice

of symbols has no great significance but is an historic aécidagtn) To
anyone interested in this guestion we recommend a search of the literature
on this logical problem.

There are subdivisions of the variability among Treatments, other than
the comparisons just detailed. TFor instance there are factorial experi-
ments where 3 chemicals are tried each at 2 concentrations to produce 6
Treatments. One may want, as it is said, to study the effects of the
factor of kind of reagent, the factor of concentration and possible inter-
action of these two factors. Such matters are covered in all standard
discussions of experimentation and should not be allowed to divert us
from more immediate business. auffice it to say that in such discussions
the sums given may be Jjudiciously replaced by estimates and then the

value K used to adjust matters.

: H
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Analysis with allowance for Carry-over in latin squares with conditioning

Period - In Chap. IIL, as in connection with Table VI, it was suggested that
Carry-over of Treatment effects may Qf&éﬁ be considerable. On this basis
the Designs presented and discussed have made allowance for Change-over.
That 1s a given Treatment is not preceded by any other Treatment more than
once. With such Designs we may at least comfort ourselves that Carry-over,
if it occurs,will be confounded in a small and presumably mininal way with
Treatment effects. The matter often stops there. It may, however, be neces-
sary to free treatment effects from Carry-over. It may further be required
to get Carry-over out of the residual mean square; Carry-over blows this up.
There are even times when it is of great practical importance to estimate
the effect of Change-over. Thus we are often under the necessity of analyz-
ing for Change-over. Consider first the situation when the Design contains
a conditioning Period, as in Table VI, and as reproduced in Table XXTa, so
that there are Carries-over in the first Period of the experiment, proper,
Just as in the subsequent Periods.

It is necessary to extend, for Columns after the first, the more
usual meodel for a latin square as given in Equ. (7) to

V. . =g +a, + B, + v, + + g,
| Vigg W T 0y F Byt + 8§, €1x8 (43)
e 3 a

" where the it Row, jth Column, kth Treatment, and lﬁh. Carry-

- over are involved with extraneous variability, Eijkg » Of some kind. ' It is

supposed, as in Equ. (9)

§, =0 . . . Chh)
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Thus an observation ¥,3gy 1S concelved as being like ¥o3¢ of Equ. ®)
except that we recognize, additionally, that the 9th result 64.2 followed
Treatment (4), i.e., possibly contains Carry-over, 6y, . The variability
extraneocus to the effect of all four factors in this particular cell is

€1 y%0 * It is now possible to build again estimates of the various effects
and the amount of variability residual on them. There does arise a question
as to whether we are trying to test the significance of carry-over effects

or simply to eliminate them in the same way as the effect of Rows and Columns.
Then, of course, we may do, and shall do in the following discussion, both,
one at a time. Again, it must be noted that the following discussion of
Carry-over is based upon the additive model of Equ. (43). In this it
parallels the traditional analysis of varisnce built on the same sort of
assumption. There is perhaps a little more reason to question the assumption
in the more elaborate model but it will not be done in the present book.

It may be now observed that there is a reward for the primitive
approach to the writing of least squares egquations as set forth prgviausly
in connection with the multiple latin square, without consideration
of possible Carry-over. There are no wellfkﬁawn salﬁtiang for the present
effects. The procedure in the literature involves the calculation of
an elaborate set of preliminary quantities and their labyrinthine -
manipulation. Our reasonable but uninstructed mean would simplv
form the obvious and appropriate t@tais and get exactly the right effects.
Thus he would argue that the sum of all the observations Y35k would
contain u 36 times and all other row, column, treatment and carry-over

effects in such balance that they cancelled and find

36; = 2031.8 (4s)
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like Equ. (19), where the argument is more detailed, because in total all
other effects balance out and disappear by virtue of Equ. (9 ) and Equ. (L4i).

Incidentally,
W= 56,44 . (L6)

What is more important is to gather up Equ. (45) as the first line in
Equ. (48) together with other eqguations. In order tc form an estimase
of effect of Group I he would note that the sum of the observations

comprises in the terms of Equ. (43),

~

6u + 6oy + (B + By + By + By + Bs + Bg) + (¥ + vo + v3 + vy + vs + vg)
+ (28] + 8, + 83 + &y + O5)

-~

= 317.0 . _ f (k)

In a similar way he might set up totals for all values of yijkl within

Row of the Design, to produce lines 2 through 7 of Equ. (48). Actually, the
7th has to be rep<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>